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Abstract
In this paper we construct unstable shocks in the context of 2D isentropic compressible Euler in
azimuthal symmetry. More specifically, we construct initial data that when viewed in self-similar co-
ordinates, converges asymptotically to the unstable C
1
5 self-similar solution to the Burgers’ equation.
Moreover, we show the behavior is stable in C8 modulo a two dimensional linear subspace. Under the
azimuthal symmetry assumption, one cannot impose additional symmetry assumptions in order to isolate
the corresponding unstable manifold: rather, we rely on modulation variable techniques in conjunction
with a Newton scheme.
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1 Introduction
1.1 Setup of Compressible Euler under azimuthal symmetry
In this paper we study asymptotically self-similar formation of unstable shocks for the 2D isentropic com-
pressible Euler equations under azimuthal symmetry. The 2D isentropic compressible Euler equations take
the form
Btpρuq ` div pρ ub uq `∇ppρq “ 0 , (1.1a)
Btρ` div pρuq “ 0 , (1.1b)
where u : R2ˆRÑ R2 is the velocity of the fluid, ρ : R2ˆRÑ R` is the density, and p : R2ˆRÑ R`
is the pressure defined by the ideal gas law
ppρq :“ 1
γ
ργ , γ ą 1 .
The associated sound speed σ is given by σ “ ρλ where λ “ γ´1
2
.
It was shown in [2], that if one imposes the following azimuthal symmetry
upx, tq ¨ x|x| “ rapθ, tq, upx, tq ¨
xK
|x| “ rbpθ, tq, ρ “ r
2
γ´1P pθ, tq, (1.2)
where pr, θq are the usual polar coordinates, then the equations (1.1) reduce to the 1D system of equations
pBt ` bBθq a` a2 ´ b2 ` λ´1P 2λ “ 0 (1.3a)
pBt ` bBθq b` 2ab` P 2λ´1BθP “ 0 (1.3b)
pBt ` bBθqP ` γλaP ` PBθb “ 0 . (1.3c)
An important difference between Euler under azimuthal rather than radial symmetry is that azimuthal
symmetry allows for the presence of non-trivial vorticity. We remark that it was shown in [2], that the system
(1.3) is locally well-posed in Cn for any n ě 1.
In order to avoid issues regarding the irregularity at the origin r “ 0, and in order to ensure finite kinetic-
energy, following [2], we can exploit locality and restrict the solution (1.2) to the push forward of an annulus
under the flow induced by u. To be more precise, define Ar,r to be the annular region
Ar,r “ tx P R2 : r ă |x| ă ru .
Fixing 0 ă r0 ă r1; then, if ηu is the solution to Btηu “ u ˝ ηu for t ą t0 with ηupx, t0q “ x, define the
time dependent domain
Ωptq “ ηupAr0,r1 , tq . (1.4)
Now set 0 ă R0 ă r0 ă r1 ă R0 and letK ą 0. Assuming that |u| ď K for all px, tq P AR0,R1 ˆ rt0, T˚q,
then it follows that
Ωptq Ă AR0,R1 for t P rt0, T˚s ,
so long as |T˚ ´ t0| is assumed to be sufficiently small (depending or r0, r1, R0, R1 and K). Then given
a solution pa, b, P q to the system (1.3a), we relate these to solutions to (1.1) via the transformation (1.2),
restricted to the domain Ω given in (1.4).
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1.2 Brief historical overview
The formation of shocks is a classical problem in hyperbolic PDE. The first rigorous proof of shock forma-
tion is due to the pioneering work of Lax [12] that employed invariants devised by Riemann [22] and the
method of characteristics. The work of Lax was further generalized and refined by John [11], Liu [13], and
Majda [15] (cf. [9]).
In the multi-dimensional setting, Sideris in [23] demonstrated using a virial type argument the existence
of solutions that form singularities in finite time. The method of proof does not however lead to a classi-
fication of the type of singularity produced. The first proof of shock formation in the multi-dimensional
setting was given by Christodoulou [4], whereby he proved shock formation in the irrotational, relativistic
setting. The work was later generalized to non-relativistic, irrotational setting [5], and then further extended
by Luk and Speck to the 2D setting with non-trivial vorticity [14]. It is important to note that while the cited
work are capable of proving shock formation (or simply singularity formation in the case of Sideris), the
methods of proof are incapable of distinguishing precise information on the shock’s profile. For example,
none of the cited work determine whether the shock occurs at one specific location or whether multiple
shocks occur simultaneously. In the recent work by the first author, Shkoller and Vicol [2], it was shown
than in 2D under the azimuthal symmetry (1.2) one can prove the existence of stable shocks (stable with
respect to perturbations that preserve the azimuthal symmetry) whose self-similar profile can be precisely
described. This work in [1] was extended to 3D in the absence of any symmetry assumption, and further
extended to the non-isentropic case in [3]. In a different direction, we would like to also bring to attention
of the remarkable recent works of Merle, Raphael, Rodnianski, and Szeftel, [19], [20], which demonstrated
the existence of radially symmetric imploding solutions to the isentropic Euler equation – a completely new
form of singularity for the Euler equations.
1.3 Unstable shocks for the Burgers’ equation
Before we state a rough version of the main theorem, let us first review the concept of an unstable shock in
the context of the 1D Burgers’ equation:
Btw ` wByw “ 0 for y P R . (1.5)
The Burgers’ equation satisfies the following four invariances:
1. Galilean symmetry: If wpy, tq is solves (1.5) then wpy ´ v, tq ` v solves (1.5) for any v P R.
2. Temporal rescaling: If wpy, tq is solves (1.5) then λwpy, λtq solves (1.5) for any λ ą 0.
3. Translation invariance: If wpy, tq is solves (1.5) then wpy ´ y0, tq solves (1.5) for any y0 P R.
4. Spatial rescaling: If wpy, tq is solves (1.5) then λ´1wpλy, tq solves (1.5) for any λ ą 0.
Any initial data w0 with a negative slope at some point y0 will shock in finite time. Let us assume that w0
has a global minimum slope. By temporal rescaling and translation invariance, without loss of generality,
we may assume the global minimum slope is ´1, occurring at y “ 0. Let us take the initial time to be
t “ ´1. By Galilean symmetry, without loss of generality, we may further assume w0p0q “ 0, then by
methods of characteristics that the solution w will shock at py, tq “ p0, 0q.
If in addition w30 p0q “ ν ą 0, then the solution w will convergence asymptotically at the blow up to a
self-similar profileW 1; in particular, we have
lim
tÑ0
p´tq´ 12wpxp´tq´ 32 , tq “
´ν
6
¯´ 1
2
W 1
ˆ´ν
6
¯ 1
2
x
˙
, (1.6)
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for any x P R, where
W 1pxq “
˜
´x
2
`
ˆ
1
27
` x
2
4
˙ 1
2
¸ 1
3
´
˜
x
2
`
ˆ
1
27
` x
2
4
˙ 1
2
¸ 1
3
. (1.7)
Remark 1.1. Note one can fix ν by making use of of the spacial rescaling invariance of Burgers’ equation.
The shock profile is stable in the sense that given any initial data in a suitably small C4 neighborhood
of w0, the resulting solution will satisfy (1.6) modulo the invariances of Burgers’ equation. The profile W 1
(together its ν rescaling given on the right hand side of (1.6)) satisfy the following self-similar Burgers’
equation
´ 1
2i
W 1 `
ˆ
3
2
x`W 1
˙
BxW 1 “ 0 .
In addition to W 1 defined above, the Burgers’ equation admits a countable family of smooth self-similar
profiles [10]. For each i P N, there exists a unique non-trivial analytic profileWi satisfying the ODE
´ 1
2i
W i `
ˆp2i` 1qx
2i
`W i
˙
BxW i “ 0 .
such that
wipx, tq “ p´tq
1
2iW ipxp´tq
2i`1
2i q ,
defines a self-similar solution to the Burgers’ equation. UnlikeW 1, the solutions W i for i ą 1 are unstable:
generic small perturbations of initial data wip¨, 0q lead to singularities described by the stable self-similar
profileW 1. Indeed a generic smooth perturbation of wipx, 0q leads to initial data with a global minimum at
a point where the third derivative is positive, which by the discussion above leads to a shock with asymptotic
profileW 1.
The profiles W i for i ą 1 are nevertheless stable modulo a finite co-dimension of initial data: Sup-
pose we are given initial data w0 with a global minimum, as a consequence of the invariances of Burgers’
equation, we may further assume wp0q “ 0 and w10p0q “ ´1. If we further assume that wpnq0 “ 0 for
n “ 2, . . . , 2i and that wp2i`1q0 “ ν ą 0, then
lim
tÑ0
p´tq´ 12iwpxp´tq´ 2i`12i , tq “
ˆ
ν
p2i ` 1q!
˙´ 1
2i
W i
˜ˆ
ν
p2i` 1q!
˙ 1
2i
x
¸
, (1.8)
for all x P R. Thus the initial data leading to the unstable shock profiles W i for i ą 1 are described by an
unstable manifolds of finite codimension.
Our main objective in this work is to identify an analogous unstable manifold,MU , for the compressible
Euler equations which lead to unstable blowup dynamics according to the profile W 2. Unlike the case for
Burgers described above, the specification ofMU is not as explicit as that described above, and must be
found via very careful Newton scheme.
1.4 Rough statement of main theorem
In this paper, we prove the existence of asymptotically self similar solutions to 2D isentropic compress-
ible Euler equations under azimuthal symmetry that under the appropriate self-similar transformations are
described by the self-similar Burgers’ profileW 2:
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Theorem 1.2. There exists initial data pa0, b0, P0q in C8 for which the corresponding solutions pa, b, P q to
(1.3) develop a C
1
5 -cusp singularity in finite time. At blow-up, the solutions pa, b, P q form singularity at a
unique angle; moreover, the singularities may be described in terms of the self-similar Burgers’ profile W 2
in a manner made precise in Theorem 2.1. The behavior described is stable in C8 with regards to the initial
data modulo a two dimensional linear subspace.
We note that analogous results exist for the Burger’s equation with traversal viscosity [7], the Prandtl
equations [6, 8] and the Burgers-Hilbert equation [24]. We also note that the formation of unstable shocks
(defined and discussed below) in the context of Bourgain-Wang solutions to NLS was obtained in [21]
through virial type identities and backwards integration techniques. These papers however rely on a sym-
metry to constrain the position of the singularity which leads to a comparatively simple classification of
initial data leading to unstable blow up profiles. Isentropic Euler does not satisfy analogous symmetries
leading us to develop a new shooting method in order to describe initial data leading to unstable blowup. We
believe that techniques developed are suitably malleable and could find potential use in proving the existence
of unstable blowup for other PDE.
2 Statement of main theorem
2.1 Riemann invariants
Before we can state our main theorem, we must first introduce the concept of Riemann invariants, since it is
our aim to show that we can prescribe initial data such that one of the Riemann invariants shocks according
to the self-similar profileW 1.
As was done in [2], in order to diagonalize the system (1.3a) - (1.3c) and isolate the Burgers-like behavior
of the shock development, we will rewrite (1.3a) - (1.3c) in terms of the Riemann invariants
w “ b` 1
λ
P λ , z “ b´ 1
λ
P λ ,
and the wave speeds
Λ1 “ b´ P λ “ 1´ λ
2
w ` 1` λ
2
z , Λ2 “ b` P λ “ 1` λ
2
w ` 1´ λ
2
z .
With these substitutions we obtain the following system of nonlinear transport equations
Btw `
´
w ` 1´λ
1`λz
¯
Bθw “ ´a
´
1´2λ
1`λ z ` 3`2λ1`λ w
¯
, (2.1a)
Btz `
´
z ` 1´λ
1`λw
¯
Bθz “ ´a
´
1´2λ
1`λ w ` 3`2λ1`λ z
¯
, (2.1b)
Bta` 11`λ pw ` zqBθa “ ´ 21`λa2 ` 12p1`λq pw ` zq2 ´ λ2p1`λqpw ´ zq2 . (2.1c)
2.2 Initial data assumptions
In this section we will describe the initial data used to construct unstable shock solutions. We introduce a
large constant M which will be used to bound certain implicit constants appearing in the paper. We also let
ε ą 0 be a small constant which will parameterize the slope of the initial data.
We will denote the initial data at initial time t “ ´ε by
wpθ,´εq “ w0, zpθ,´εq “ z0, apθ,´εq “ a0 .
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The initial will be assumed to satisfy the follow support assumptions
supp pw0 ´ κ0q Y supp pz0q Y supp pa0q Ă
„
´Mε
2
,
Mε
2

,
where κ0 ą 0 will be a predetermined constant.
We will further decompose w0 as a sum
w0 “ κ0 ` ε
1
4W2
´
ε´
5
4 θ
¯
χpε´1θq ` ε 14xW0pε´ 54 θqloooooooooooooooooooooooooooomoooooooooooooooooooooooooooon
“:wˇ0pθq
`ε 14
´
αpε´ 54 θq2 ` βpε´ 54 θq3
¯
χpε´ 54 θq . (2.2)
for some smooth fixed cut-off, χ, satisfying χpxq “ 1 for |x| ď 1 and is supported in a ball of radius 2.
Above the constants α, β are determined by xW0 and are not free parameters that we choose as part of the
data. The perturbation xW0 will be assumed to satisfy the following›››xW0›››
C8pr´Mε
2
,Mε
2
sq ď ε
2 (2.3)
xW pnq0 p0q “ 0, for n “ 0, 1, 4, 5 (2.4)ˇˇˇxW pnq0 p0qˇˇˇ ď ε, for n “ 2, 3 . (2.5)
We also assume the following bounds on z and a
}z0}C8 ` }a0}C8 ď ε2 .
2.3 Main theorem
We now state our main theorem:
Theorem 2.1. Let γ ą 1 be given and set λ “ γ´1
2
. Then there exists a sufficiently large κ0 “ κ0pλq ą 0,
sufficiently large M “ Mpλ, κ0q ě 1, and sufficiently small ε “ εpλ, κ0,Mq P p0, 1q such that the
following holds:
Let pw0, z0, a0q be initial data satisfying the assumptions stipulated in Section 2.2, with the constants α
and β are left to be chosen. Then, there exists α, β satisfying |α| ` |β| ď ε 910 and a corresponding solution
pa, z, wq P Cpr´ε, T˚q;C8pTqq to (2.1) satisfying the following properties:
• The solution forms a singularity at a computable time T˚ and angle θ˚.
• suptPr´ε,T˚q
`}a}W 1,8pTq ` }z}W 1,8pTq ` }w}L8pTq˘ ď CM ,
• limtÑT˚ Bθwpξptq, tq “ ´8 and 12pT˚´tq ď }Bθwp¨, tq}L8 ď 2T˚´t as tÑ T˚,
• wp¨, T˚q has a cusp singularity of Ho¨lder C1{5 regularity
Moreover, w blows up in an asymptotically self-similar manner described by the profile W 2. Specifically,
there exists a ν ą 0 and κ˚ such that
lim
tÑ0
p´tq´ 14
´
wpxp´tq´ 54 , tq ´ κ˚
¯
“
´ ν
120
¯´ 1
4
W 2
ˆ´ ν
120
¯ 1
4
x
˙
,
where ν “ limtÑT˚pT˚ ´ tq´8wp5qpξptq, tq and κ˚ “ limtÑT˚ κptq are explicitly computable, satisfying
|ν ´ 120| ď ε 34 and |κ0 ´ κ˚| ď ε.
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As a corollary, we show that Theorem (2.1) is stable modulo a two dimensional linear subspace of initial
data:
Corollary 2.2. There exists an open set Ξ of initial data pwˇ0, z0, a0q in the C8 for which we have the
following: for every pwˇ0, z0, a0q P Ξ there exists α, β P R such that if we define w0 by (2.2) then the
conclusion of Theorem 2.1 holds for initial data pw0, z0, a0q.
2.4 Modulation variables and unstable ODEs at x “ 0
In order to isolate the self-similar profile, we will need to introduce modulated self-similar variables. These
modulation variables allow one to control the time, location, and amplitude of the eventual shock. The idea
of using modulation variables is by now classical (cf. [16–18]). We give the precise definitions of our self-
similar variables and modulation variables in Section 3.1, but to facilitate the forthcoming discussion, let
us consider the self-similar quantities pW,Z,Aq defined through wpθ, tq “ e´ s4W px, sq ` κptq, zpθ, tq “
Zpx, sq and apθ, tq “ Apx, sq, where we rescale time via s “ ´ logpτ ´ tq and space via x “ θ´ξptq
pτ´tq
5
4
.
In our case, we introduce the dynamical modulation variables τ, ξ, κ found in (3.1), (3.2) to enable us to
constrain
W p0, sq “ 0, BxW p0, sq “ ´1, B4xW p0, sq “ 0 , (2.6)
where the final constraint is notably different than in the works [1–3], and reflects the different nature of the
self-similar profileW 2.
In so doing, we obtain from (2.1a) - (2.1c) the system that we ultimately analyze, which
pBs ´ 1
4
qW ` pgW ` 5
4
xqBxW “ ´e´
3
4
s 9κ
1´ 9τ ` FW , (2.7)
BsZ ` pgZ ` 5
4
xqBxZ “ FZ , (2.8)
BsA` pgA ` 5
4
xqBxA “ FA . (2.9)
Above, the quantities gW , gZ , gA are transport speeds, and FW , FZ , FA are forcing terms that we also leave
unspecified for the purposes of this discussion. The reader may find the precise definitions in (3.11) - (3.13)
and (3.14) - (3.16).
In addition, we control the evolution of τ, ξ, κ through ODEs obtained by restricting to the constrains,
(2.6). Importantly the three modulation variables enable us to constrain only the three quantities appearing
in (2.6). However, a feature of (1.6) with i ě 2 is thatW p2qp0, sq andW p3qp0, sq need to be zero in the limit
as s Ñ 8. This in turn cannot be enforced by the introduction of further modulation variables due to the
lack of further symmetries in the compressible Euler equations, and so must be enforced by the choice of
the unstable manifold,MU .
The equations describing the second and third derivatives ofW at x “ 0 are given by
pBs ´ 3
4
qW p2qp0, sq “ rapidly decaying forcing terms , (2.10)
pBs ´ 1
2
qW p2qp0, sq “ rapidly decaying forcing terms . (2.11)
One can see the instability of the manifold due to the negative damping coefficients appearing on the left-
hand side of (2.10) - (2.11). Indeed, negatively damped ODEs such as (2.10) - (2.11) generically grow as
sÑ8, but certain data (as determined by the right-hand side) can lead to decaying solutions.
In the context of the Euler equations, the right-hand sides above themselves depend on other elements
of the system (such as the modulation variables, and other derivatives of pW,Z,Aq). For this reason, we are
led to develop a Newton scheme which identifies this unstable manifold.
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2.5 An iterative scheme to search for unstable solutions
In this subsection, we briefly discuss the Newton scheme that can be used to identify an unstable manifold
of initial data which leads to a globally decaying solution to (2.10) - (2.11). For the present discussion, we
focus on a model ODE problem. We consider
pBs ´ 1
2
quα “ g ` εfpuαq, uαp0q “ α . (2.12)
We assume for now that the forcing, g, has sufficiently strong decay and the nonlinearity, f , is an explicit
quadratic nonlinearity via
|g| À e´γs, fpuq “ u2, γ ą 0 . (2.13)
For general data, α, writing the solution to (2.12) via the Duhamel formula yields
uαpsq “ e
s
2α` e s2
ż s
0
e´
s1
2 gps1qds1 ` εe s2
ż s
0
e´
s1
2 uαps1q2 ds1 . (2.14)
From (2.14), it is that even under the assumption of g decaying exponentially one cannot expect the solution
uα to decay to zero as s Ñ 8 for generic data, α. Thus, to obtain decaying solutions to (2.12), one needs
to find an unstable manifold of data. In the case of this ODE, this amounts to finding a particular value of
α which ensures a globally decaying solution.
To illustrate how to find this choice of α, we now consider the linear version of (2.12) (setting ε “ 0 in
(2.12)). Upon setting ε “ 0 in (2.14), sending s Ñ 8, and demanding the asymptotic behavior uαpsq Ñ 0
as sÑ8, we obtain the following relation
α0 `
ż 8
0
e´
s1
2 gps1qds1 “ 0 ,
which links the choice of data, α0, to the forcing, g, and guarantees the solution |uαpsq| À e´γs inherits the
decay of g.
We would now like to modify the choice of data, α0, by an ε perturbation in order to account for the
nonlinear effects when ε ą 0 in (2.12). The overall strategy will be to fix a sequence of times tsnu for n P N
with the property that sn Ñ 8 as n Ñ 8, and a corresponding sequence of data choices tαnu for n P N
so that uαnpsnq “ 0. With suitably strong estimates, we will show that αn Ñ α8 and correspondingly
uα8psq Ñ 0 as s Ñ 8. To compute the iterate of αn`1 requires an application of the Implicit Function
Theorem, which in turn requires sufficiently strong estimates on the solution.
Let us now take the particular selection of times, sn “ n. To initiate the induction, we will choose
α0 “ 0, and u0psq the corresponding solution (clearly, u0ps0q “ u0p0q “ α0 “ 0). We describe now
the n Ñ n ` 1 step of the iteration. We now assume inductively that there exists a choice of αn so that
uαnpsnq “ 0 and describe the choice of αn`1, which is achieved through the Implicit Function Theorem.
We define now the map Tn given by Tnpαq :“ uαpsn`1q. We now seek an αn`1 in a small neighborhood,
Bn, of αn so that Tnpαn`1q “ 0. According to a Taylor expansion of Tn in α, we obtain for some α˚
satisfying |α˚ ´ αn| ď |αn ´ αn`1|,
Tnpαn`1q “ Tnpαnq ` pαn`1 ´ αnqBTnBα pαnq `
1
2
pαn`1 ´ αnq2 B
2Tn
Bα2 pα˚q .
Accordingly, we may apply the Implicit Function Theorem to identify a αn`1 so that the left-hand side is
zero if we can obtain three estimates: an upper bound on |Tnpαnq|, a lower bound on BTnBα pαnq, and an upper
bound over supα˚PBn |B
2Tn
Bα2
|.
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We thus define the error at the next time scale created by this solution as En :“ uαnpsn`1q, which the
new choice of αn`1 must rectify in order to achieve the condition uαn`1psn`1q “ 0. The first main estimate
in the scheme is thus careful control of this error, En, throughout the iteration. Specifically, using backwards
integration from sn, we may obtain the decay estimate
|En| “ |Tnpαnq| À e´γsn .
Lower bounds on BTnBα are achieved by differentiating the forward integration formula, (2.14) in α, as
this formula importantly holds for all α. A simple inspection shows that we may expect BTnBα „ e
s
2 . Third,
an upper bound of supα˚Prαn,αn`1s |B
2Tn
Bα2
| can also be computed by differentiating twice (2.14) in α.
2.6 Notational Conventions
We now discuss some notational conventions that we will be using throughout the analysis. First, for a
function f “ fpx, sq, we use }f}8 “ supx |fps, xq|, that is L8 refers to in the x variable only. Next, we
define the bracket notation xxy :“ ?1` x2. Lastly, we will often use A À B to mean A ď CB, where
C is a universal constant independent of M,ε, κ0. We will use A ÀM B to mean A ď CB where C is a
constant that can depend onM .
3 Preliminaries to the analysis
3.1 Self-similar variables and derivation of equations
We will employ the notation
βτ “ 1
1´ 9τ , β1 “
1
1` λ, β2 “
1´ λ
1` λ, β3 “
1´ 2λ
1` λ , β4 “
3` 2λ
1` λ , β5 “
λ
2` 2λ .
We now introduce the change of coordinates that we work in and the relevant modulation variables. We
define our self-similar temporal and spacial variables as
s “ ´ logpτ ´ tq, x “ θ ´ ξptq
pτ ´ tq 54
. (3.1)
We record the following identities
Bs
Bt “ p1´ 9τqe
s,
Bx
Bt “
5
4
p1´ 9τqxes ´ 9ξe 54s, BxBθ “ e
5
4
s .
We now introduce the new unknowns, W,Z,A which are defined through the following relations
wpθ, tq “ e´ s4W px, sq ` κptq, zpθ, tq “ Zpx, sq, apθ, tq “ Apx, sq . (3.2)
In order to solve for the three modulation variables κ, τ and ξ, we enforce the following constraints
W p0, sq “ 0, BxW p0, sq “ ´1, B4xW p0, sq “ 0 . (3.3)
We now record the following calculations
Btw “´ 1´ 9τ
4
e
3
4
sW ` p1´ 9τqe 3s4 BsW ` 9κ` 5
4
p1´ 9τqxe 34 sBxW ´ 9ξesBxW , (3.4)
Bθw “esBxW . (3.5)
9
Buckmaster, Iyer Construction of Unstable Shocks
Next, we record the calculations
Btz “ p1´ 9τqesBsZ ` p5
4
p1´ 9τqxes ´ 9ξe 54sqBxZ, Bθz “ e
5
4
sBxZ . (3.6)
and similarly,
Bta “ p1´ 9τqesBsA` p5
4
p1´ 9τqxes ´ 9ξe 54 sqBxA, Bθa “ e
5
4
sBxA . (3.7)
Then in self-similar variables (2.1a) becomes
pBs ´ 1
4
qW `
ˆ
5
4
x´ βτ p 9ξ ´ κqe
1
4
s ` βτ pβ2e
1
4
sZ `W q
˙
BxW
“ ´βτe´
3
4
s
9κ´ βτe´
3
4
sA
´
β3Z ` β4pe´
s
4W ` κq
¯
. (3.8)
Similarly, we rewrite (2.1b) as
BsZ `
ˆ
5
4
x` βτ pe
1
4
spβ2κ´ 9ξ ` Zq ` β2W q
˙
BxZ “ ´βτe´sA
´
β3pe´
s
4W ` κq ` β4Z
¯
, (3.9)
and (2.1c) as
BsA`
ˆ
5
4
x` βτ pe 14spβ1κ´ 9ξ ` β1Zq ` β1W q
˙
BxA
“ ´2βτβ1e´sA2 ` 1
2
βτβ1e
´s
´
e´
s
4W ` κ` Z
¯2 ´ βτβ5e´s´e´ s4W ` κ´ Z¯2 . (3.10)
We now compactify the above equations by introducing the following transport speeds
gW :“ βτW ´ βτ p 9ξ ´ κqe
1
4
s ` βτβ2e
1
4
sZ “: βτW `GW , (3.11)
gZ :“ βτβ2W ` βτe
1
4
spβ2κ´ 9ξ ` Zq “: βτβ2W `GZ , (3.12)
gA :“ βτβ1W ` βτ e
1
4
spβ1κ´ 9ξ ` β1Zq “: βτβ1W `GA , (3.13)
and forcing terms
FW :“ ´βτe´
3
4
sA
´
β3Z ` β4pe´
s
4W ` κq
¯
, (3.14)
FZ :“ ´βτe´sA
´
β3pe´
s
4W ` κq ` β4Z
¯
, (3.15)
FA :“ ´2βτβ1e´sA2 ` 1
2
βτβ1e
´s
´
e´
s
4W ` κ` Z
¯2 ´ βτβ5e´s´e´ s4W ` κ´ Z¯2 . (3.16)
We note that the quantities GW , GZ , GA are defined through the second equalities in (3.11) - (3.13).
With these definitions, our equations become
pBs ´ 1
4
qW ` pgW ` 5
4
xqBxW “ ´e´
3
4
s 9κ
1´ 9τ ` FW , (3.17)
BsZ ` pgZ ` 5
4
xqBxZ “ FZ , (3.18)
BsA` pgA ` 5
4
xqBxA “ FA . (3.19)
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Further, it will be convenient to introduce the notation
VW :“ gW ` 5
4
x, VZ :“ gZ ` 5
4
x, VA :“ gA ` 5
4
x .
so that we obtain
pBs ´ 1
4
qW ` VW BxW “ ´e´ 34s 9κ
1´ 9τ ` FW , (3.20)
BsZ ` VZBxZ “ FZ , (3.21)
BsA` VABxA “ FA . (3.22)
We define now the combination
µ :“ ´βτ p 9ξ ´ κqe
s
4 ` βτβ2e
1
4
sZp0, sq “ GW ps, 0q . (3.23)
3.2 An unstable self-similar solution to Burgers’ equation
Here we develop properties of the self-similar Burgers profile,W :“W 2, which solves the equation
´1
4
W ` pW ` 5
4
xqW x “ 0 . (3.24)
According to [10], (3.24) has an implicit solution
x “ ´W ´W 5 . (3.25)
Differentiating yields
W
p1q “ ´ 1
1` 5W 4
. (3.26)
Hence W
p1q ď 0 and thus since W p0q “ 0 we attain that W ď 0 for x ě 0. By Young’s inequality and
applied to (3.25), we have
x ď ´W ´W 5 ď ´W
5
5x4
`´W 5 ` 4x
5
.
Rearranging, we obtain
´W 5 ě x
5
5p5` x4q .
This lower bound combined with (3.26) yieldsˇˇˇ
W
p1q
ˇˇˇ
ď p1` x4q´ 15 . (3.27)
Similarly, using Young’s inequality and (3.25) we have
´W 5 ď 5x` 1 ,
from which we obtain the estimate ˇˇ
W
ˇˇ ď 3
2
p1` x4q 120 .
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Finally, differentiating (3.25) 5 times, we obtain
W p5qp0q “ 120 . (3.28)
We now define the weight function
ηγ :“ p1` x4qγ , for any γ P R . (3.29)
We now record the following lemma, which summarizes the properties ofW that we will be using
Lemma 3.1. Let ℓ be sufficiently small relative to universal constants. For n “ 2, 3, 4 at x “ 0 we have
W p0q “ 0 , W p1qp0q “ ´1 , W pnqp0q “ 0 , W p5qp0q “ 120 . (3.30)
Furthermore, for n ě 2,W satisfies the estimates
|W | ď 3
2
η 1
20
, |W p1q| ď η´ 1
5
, |W pnq| ď Ckη´ 1
5
´n
4
, (3.31)
´1` l
7
50
ďW p1q ď 0 for |x| ě ℓ . (3.32)
3.3 Higher order x derivatives
In this section we list the higher order derivatives of pW,Z,Aq. It will be convenient to introduce the
notation:
f pnqps, xq :“ Bnxfps, xq .
We will derive now up to eight derivatives of the above system.´
Bs ` 1
4
p´1` 5nq ` βτ pn` 1ną1qW p1q
¯
W pnq ` VW BxW pnq “ FW,n , (3.33)
pBs ` 5n
4
` nβτβ2W p1qqZpnq ` VZBxZpnq “ FZ,n , (3.34)
pBs ` 5
4
n` nβτβ1W p1qqApnq ` VABxApnq “ FA,n , (3.35)
where the forcings are defined by
FW,n :“ F pnqW ´ 1ně3βτ
n´1ÿ
j“2
ˆ
n
j
˙
W pjqW pn`1´jq ´
nÿ
j“1
ˆ
n
j
˙
G
pjq
W W
pn`1´jq , (3.36)
FZ,n :“ F pnqZ ´ 1ně2βτβ2
nÿ
j“2
ˆ
n
j
˙
W pjqZpn`1´jq ´
nÿ
j“1
ˆ
n
j
˙
G
pjq
Z Z
pn`1´jq , (3.37)
FA,n :“ F pnqA ´ 1ně2βτβ1
nÿ
j“2
ˆ
n
j
˙
W pjqApn`1´jq ´
nÿ
j“1
ˆ
n
j
˙
G
pjq
A A
pn`1´jq . (3.38)
For repeated future reference, we record here the following expressions which are obtained by differen-
tiating (3.14) (for n ě 1)
F
pnq
W “´ βτe´
3
4
s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3Z
pn´jq ` β4pe´
s
4W ` κqpn´jq
¯
, (3.39)
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F
pnq
Z “´ βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3pe´
s
4W ` κqpn´jq ` β4Zpn´jq
¯
, (3.40)
F
pnq
A “´ 2βτβ1e´s
nÿ
j“0
ˆ
n
j
˙
ApjqApn´jq
` 1
2
βτβ1e
´s
nÿ
j“0
ˆ
n
j
˙
pe´ s4W ` κ` Zqpjqpe´ s4W ` κ` Zqpn´jq
´ βτβ1e´s
nÿ
j“0
ˆ
n
j
˙
pe´ s4W ` κ´ Zqpjqpe´ s4W ` κ´ Zqpn´jq . (3.41)
By combining (3.36) with (3.39), we obtain the expression
FW,n “´ βτ e´ 34s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3Z
pn´jq ` β4pe´ s4W ` κqpn´jq
¯
´ 1ně3βτ
n´1ÿ
j“2
ˆ
n
j
˙
W pjqW pn`1´jq ´
nÿ
j“1
ˆ
n
j
˙
G
pjq
W W
pn`1´jq . (3.42)
By combining (3.37) with (3.40), we obtain the final expression
FZ,n “´ βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3pe´ s4W ` κqpn´jq ` β4Zpn´jq
¯
´ 1ně2βτβ2
nÿ
j“2
ˆ
n
j
˙
W pjqZpn`1´jq ´
nÿ
j“1
ˆ
n
j
˙
G
pjq
Z Z
pn`1´jq . (3.43)
We now derive the first five constrained ODEs. First, we introduce an important piece of notation to
describe the purely s-dependent quantities at x “ 0,
qpnqpsq :“W pnqp0, sq . (3.44)
From the equations (3.17) and (3.33) , evaluating W pnq, for n “ 0, . . . , 4 at x “ 0 and using the constraints
(3.3), we obtain the following system of five ODEs in the s variable
´ µ
βτ
` e´ 34 s 9κ “ 1
βτ
FW p0, sq , (3.45)
9τ ´ 1
βτ
G
p1q
W p0, sq `
µ
βτ
qp2qpsq “ 1
βτ
F
p1q
W p0, sq , (3.46)
pBs ` 9
4
qqp2q ´ 3βτ qp2q ` µqp3q ` 2Gp1qW p0, sqqp2q “ F p2qW p0, sq `Gp2qW p0, sq , (3.47)
pBs ` 14
4
qqp3q ´ 4βτ qp3q ` 3Gp1qW p0, sqqp3q ` 3βτ |qp2q|2 `
3ÿ
j“2
ˆ
3
j
˙
G
pjq
W p0, sqqp4´jq “ F p3qW p0, sq , (3.48)
qp5qµ` 10βτ qp2qqp3q `
4ÿ
j“2
ˆ
4
j
˙
G
pjq
W p0, sqqp5´jq “ F p4qW p0, sq . (3.49)
In addition, we will need the evolution equation ofW p5q at x “ 0, given by
Bsqp5q “ ´µqp6q ` p1´ βτ qqp5q ´ 10|qp3q|2 ´
5ÿ
j“1
ˆ
5
j
˙
G
pjq
W p0, sqqp6´jq ` F p5qW p0, sq . (3.50)
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We also derive the following equation for the difference ĂW :“W ´W :
pBs ´ 1
4
` βτW p1qqĂW ` VW BxĂW “ ´βτe´ 34s 9κ` FW ` ppβτ ´ 1qW ´GW qBxW :“ rFW . (3.51)
The equation for the higher order derivatives W pnq is given by
BsĂW pnq ` ´1
4
p´1` 5nq ` βτ
´
W
p1q ` nW p1q
¯¯ĂW pnq ` VW BxĂW pnq
“ F pnqW ´ 1ně2βτ
n´1ÿ
j“2
ˆ
n
j
˙
W pjqĂW pn`1´jq ´ nÿ
j“1
ˆ
n
j
˙´
βτW
pj`1qĂW pn´jq `GpjqW ĂW pn`1´jq¯
` pβτ ´ 1q
nÿ
j“0
ˆ
n
j
˙
W
pjq
W
pn`1´jq ´
nÿ
j“0
ˆ
n
j
˙
G
pjq
W W
pn`1´jq
“: rFW,n . (3.52)
3.4 ∇α,β derivatives
We introduce the following notation to compactify the forthcoming equations
fc :“ Bcf, c P tα, βu , (3.53)
for any function f .
3.4.1 ∇α,β derivatives of Z
We first take Bc of equation (3.18) which produces
BsZc ` VZBxZc “ BcFZ ´ Zp1q
´
9τcβ
2
τβ2W ` βτβ2Wc ` BcGZ
¯
“: F cZ,0 . (3.54)
We now use (3.15) to evaluate the BcFZ term appearing above via
BcFZ “ 9τcβτFZ ´ βτ e´sAcpβ3pe´
s
4W ` κq ` β4Zq ´ βτe´sApβ3pe´
s
4Wc ` κcq ` β4Zcq (3.55)
We next compute Bnx of equation (3.54) to obtain
pBs ` 5
4
n` nβτβ2W p1qqZpnqc ` VZBxZpnqc
“ BcF pnqZ ´
nÿ
j“0
ˆ
n
j
˙
9τcβ
2
τβ2Z
pj`1qW pn´jq ´
nÿ
j“0
ˆ
n
j
˙
βτβ2Z
pj`1qW pn´jqc
´
nÿ
j“0
ˆ
n
j
˙
Zp1`jqBcGpn´jqZ ´ 1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
Z Z
pn`1´jq
c
´ 1ně2
nÿ
j“2
ˆ
n
j
˙
βτβ2W
pjqZpn´j`1qc “: F cZ,n . (3.56)
We now compute the expression for BcF pnqZ by computing Bnx of (3.55) which yields
BcF pnqZ “ 9τcβτF pnqZ ´ βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjqc
´
β3pe´
s
4W ` κqpn´jq ` β4Zpn´jq
¯
´ βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3pe´
s
4Wc ` κcqpn´jq ` β4Zpn´jqc
¯
. (3.57)
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3.4.2 ∇α,β derivatives of A
We compute Bc of the basic equation for A, (3.22), which yields
BsAc ` VABxAc “ BcFA ´
´
9τcβ
2
τβ1W ` βτβ1Wc ` BcGA
¯
Ap1q “: F cA,0 . (3.58)
Computing now the expression BcFA by differentiating (3.16), we obtain
BcFA “ 9τcβτFA ` βτβ1e´s
´
e´
s
4W ` κ` Z
¯´
e´
s
4Wc ` κc ` Zc
¯
´ 2βτβ5e´s
´
e´
s
4W ` κ´ Z
¯´
e´
s
4Wc ` κc ´ Zc
¯
. (3.59)
We now compute Bnx of equation (3.58) which produces
pBs ` 5n
4
` nβτβ1W p1qqApnqc ` VABxApnqc
“BcF pnqA ´ 1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
A A
pn`1´jq
c ´ 1ně2
nÿ
j“2
ˆ
n
j
˙
βτβ1W
pjqApn`1´jqc
´
nÿ
j“0
ˆ
n
j
˙
9τcβ
2
τβ1W
pjqApn`1´jq ´
nÿ
j“0
ˆ
n
j
˙
βτβ1W
pjq
c A
pn`1´jq
´
nÿ
j“0
ˆ
n
j
˙
BcGpjqA Apn`1´jq “: F cA,n . (3.60)
We now compute Bnx of the expression for BcFA in (3.59) which yields
BcF pnqA “ 9τcβτF pnqA ` βτβ1e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4W ` κ` Z
¯pjq´
e´
s
4Wc ` κc ` Zc
¯pn´jq
´ 2βτβ5e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4W ` κ´ Z
¯pjq´
e´
s
4Wc ` κc ´ Zc
¯pn´jq
. (3.61)
3.4.3 W Quantities
For theW equations, we separately write down the n “ 0 system. Differentiating (3.17) in c yields
pBs ´ 1
4
` βτW p1qqBcW ` VW BxBcW
“ ´e´ 34sβτBc 9κ´ e´
3
4
s
9κBc 9τβ2τ ´ BcGWW p1q ´W p1q 9τcβ2τW ` BcFW . (3.62)
By differentiating (3.14) in Bc, we obtain
BcFW “´ Bc 9τβ2τ e´
3
4
sA
´
β3Z ` β4pe´
s
4W ` κq
¯
´ βτe´
3
4
sBcA
´
β3Z ` β4pe´
s
4W ` κq
¯
´ βτ e´
3
4
sA
´
β3BcZ ` β4pe´
s
4 BcW ` Bcκq
¯
“ 9τcβτFW ´ βτ e´
3
4
sAc
´
β3Z ` β4pe´
s
4W ` κq
¯
´ βτ e´
3
4
sA
´
β3Zc ` β4pe´
s
4Wc ` κcq
¯
.
(3.63)
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We combine with (3.62) to obtain
pBs ´ 1
4
` βτW p1qqBcW ` VW BxBcW “ F cW,0 , (3.64)
where the forcing is given by
F cW,0 :“ 9τcβτFW ´ βτ e´
3
4
sAc
´
β3Z ` β4pe´
s
4W ` κq
¯
´ BcGWW p1q ´W p1q 9τcβ2τW
´ βτ e´
3
4
sA
´
β3Zc ` β4pe´
s
4Wc ` κcq
¯
´ e´ 34sβτBc 9κ´ e´
3
4
s
9κBc 9τβ2τ . (3.65)
We now take Bnx of equation (3.62). This produces, for n ě 1,
pBs ` 5n´ 1
4
` pn` 1qβτW p1qqBcW pnq ` VW BxBcW pnq
“´ 1ně1
nÿ
j“1
ˆ
n
j
˙
βτW
p1`jqBcW pn´jq ´ 1ně2
n´2ÿ
j“0
ˆ
n
j
˙
βτW
pn´jqBcW pj`1q
´ 1ně1
n´1ÿ
j“0
ˆ
n
j
˙
G
pn´jq
W BcW pj`1q ´
nÿ
j“0
ˆ
n
j
˙
BcGpjqW W pn´j`1q
´ 9τcβ2τ
nÿ
j“0
ˆ
n
j
˙
W p1`jqW pn´jq ` BcBnxFW “: F cW,n . (3.66)
We now use the expression (3.63) compute
BcF pnqW “ 9τcβτF pnqW ´
nÿ
j“0
ˆ
n
j
˙
βτe
´ 3
4
sBcApjq
´
β3Z
pn´jq ` β4pe´ s4W ` κqpn´jq
¯
´
nÿ
j“0
ˆ
n
j
˙
βτe
´ 3
4
sApjq
´
β3BcZpn´jq ` β4pe´
s
4 BcW ` Bcκqpn´jq
¯
. (3.67)
Combining now with the expression (3.66), we obtain
F cW,n :“ 9τcβτF pnqW ´
nÿ
j“0
ˆ
n
j
˙
βτe
´ 3
4
sBcApjq
´
β3Z
pn´jq ` β4pe´
s
4W ` κqpn´jq
¯
´
nÿ
j“0
ˆ
n
j
˙
βτ e
´ 3
4
sApjq
´
β3BcZpn´jq ` β4pe´
s
4 BcW ` Bcκqpn´jq
¯
´
nÿ
j“1
ˆ
n
j
˙
βτW
p1`jqBcW pn´jq ´ 1ně2
n´2ÿ
j“0
ˆ
n
j
˙
βτW
pn´jqBcW pj`1q
´ 1ně1
n´1ÿ
j“0
ˆ
n
j
˙
G
pn´jq
W BcW pj`1q ´
nÿ
j“0
ˆ
n
j
˙
BcGpjqW W pj`1q
´ 9τcβ2τ
nÿ
j“0
ˆ
n
j
˙
W p1`jqW pn´jq . (3.68)
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3.5 ∇2α,β derivatives
3.5.1 ∇2α,β derivatives ofW
We compute Bc2 of (3.64) which results in
pBs ´ 1
4
` βτW p1qqWc1c2 ` VW BxWc1c2
“Bc1c2FW ´ βτW p1qc2 Wc1 ´ β2τ 9τc2W p1qWc1 ´
´
β2τ 9τc2W ` βτWc2 ` Bc2GW
¯
W p1qc1
´ 9τc1β2τWW p1qc2 ´ 9τc1c2β2τWW p1q ´ 2β2τ 9τc1 9τc2WW p1q ´ 9τc1β2τW p1qWc2 ´Mc1,c2
“:F c1,c2W,0 , (3.69)
where the modulation terms have been grouped into
M
c1,c2 :“ e´ 34s
´
βτ 9κc1c2 ` β2τ p 9τc2 9κc1 ` 9κc2 9τc1q ` 9κ 9τc1c2β2τ ` 2β2τ 9κ 9τc1 9τc2
¯
. (3.70)
Similarly we compute Bnx of (3.69) which results in the following system for n ě 1´
Bs ` 5n´ 1
4
` pn` 1qβτW p1q
¯
W pnqc1,c2 ` VW BxW pnqc1,c2
“Bc1c2F pnqW ´
ÿ
iPt1,2u
nÿ
j“0
ˆ
n
j
˙
β2τ 9τciW
p1`jqW pn´jqci1 ´
nÿ
j“0
ˆ
n
j
˙
βτW
pjq
c1
W pn`1´jqc2
´ 1ně1
nÿ
j“1
ˆ
n
j
˙
βτW
p1`jqW pn´jqc1c2 ´
ÿ
i“t1,2u
nÿ
j“0
ˆ
n
j
˙
β2τ 9τci1W
pjqW pn`1´jqci
´
nÿ
j“0
ˆ
n
j
˙
βτW
pn`1´jq
c1
W pjqc2 ´ 1ně2
nÿ
j“2
ˆ
n
j
˙
βτW
pjqW pn`1´jqc1c2
´
nÿ
j“0
ˆ
n
j
˙
Bc2GpjqW W pn`1´jqc1 ´ 1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
W W
pn´j`1q
c1c2
´
nÿ
j“0
ˆ
n
j
˙
p 9τc1c2 ` 2 9τc1 9τc2q β2τW pjqW pn`1´jq “: F c1,c2W,n . (3.71)
We shall now compute the following identity by differentiating (3.63)
Bc1c2FW “´ βτ e´
3
4
s
´
Ac1c2pβ3Z ` β4pe´
s
4W ` κqq `Ac1pβ3Zc2 ` β4pe´
s
4Wc2 ` κc2qq
¯
´ βτ e´
3
4
s
´
Ac2pβ3Zc1 ` β4pe´
s
4Wc1 ` κc1qq `Apβ3Zc1c2 ` β4pe´
s
4Wc1c2 ` κc1c2qq
¯
` 9τc2βτBc1FW ` 9τc1c2βτFW ` 9τc1βτBc2FW . (3.72)
Similarly, computing Bnx of the above expression, we record for n ě 1,
Bc1c2F pnqW “´ βτe´
3
4
s
nÿ
j“0
ˆ
n
j
˙´
Apjqc1c2pβ3Zpn´jq ` β4pe´
s
4W ` κqpn´jqq
`Apjqc1 pβ3Zpn´jqc2 ` β4pe´
s
4Wc2 ` κc2qpn´jqq
¯
´ βτe´
3
4
s
nÿ
j“0
ˆ
n
j
˙´
Apjqc2 pβ3Zpn´jqc1 ` β4pe´
s
4Wc1 ` κc1qpn´jqq
17
Buckmaster, Iyer Construction of Unstable Shocks
`Apjqpβ3Zpn´jqc1c2 ` β4pe´
s
4Wc1c2 ` κc1c2qpn´jqq
¯
` 9τc2βτBc1F pnqW ` 9τc1c2βτF pnqW ` 9τc1βτBc2F pnqW . (3.73)
3.5.2 ∇2α,β derivatives of Z
A calculation of Bc2 of equation (3.54) results in
BsZc1c2 ` VZBxZc1c2 “Bc1c2FZ ´
ÿ
iPt1,2u
Zp1qci
´
9τci1β
2
τβ2W ` βτβ2Wci1 ` Bci1GZ
¯
´ Zp1q
´
9τc1c2β
2
τβ2W ` 2 9τc1 9τc2β2τβ2W `
ÿ
iPt1,2u
9τciβ
2
τβ2Wci1
` βτβ2Wc1c2 ` Bc1c2GZ
¯
“: F c1,c2Z,0 . (3.74)
Computing Bnx we obtain´
Bs ` 5
4
n` nβτβ2W p1q
¯
Zpnqc1c2 ` VZBxZpnqc1c2
“´ 1ně2
nÿ
j“2
ˆ
n
j
˙
βτβ2W
pjqZpn´j`1qc1c2 ´ 1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
Z Z
pn´j`1q
c1c2
´
nÿ
j“0
ÿ
iPt1,2u
ˆ
n
j
˙
Zpj`1qci
´
9τci1β
2
τβ2W
pn´jq ` βτβ2W pn´jqci1 ` Bci1G
pn´jq
Z
¯
´
nÿ
j“0
ˆ
n
j
˙
Zpj`1q
´
9τc1c2β
2
τβ2W
pn´jq ` 2 9τc1 9τc2β2τβ2W pn´jq ` βτβ2W pn´jqc1c2
`
ÿ
iPt1,2u
9τciβ
2
τβ2W
pn´jq
ci1
` Bc1c2Gpn´jqZ
¯
` Bc1c2F pnqZ “: F c1,c2Z,n . (3.75)
We now record the expression for
Bc2c1FZ “´ βτ e´s
´
Apβ3pe´
s
4Wc1c2 ` κc1c2q ` β4Zc1c2q `Ac1c2pβ3pe´
s
4W ` κq ` β4Zq
¯
´ βτ e´s
ÿ
iPt1,2u
Aci
´
β3pe´ s4Wci1 ` κci1 q ` β4Zci1
¯
` 9τc1βτBc2FZ ` 9τc2βτBc1FZ
` 9τc1c2βτFZ . (3.76)
Next, we compute Bnx of the above expression to obtain
Bc2c1F pnqZ “´ βτ e´s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3pe´ s4Wc1c2 ` κc1c2qpn´jq ` β4Zpn´jqc1c2
¯
´ βτ e´s
nÿ
j“0
ˆ
n
j
˙
Apjqc1c2
´
β3pe´
s
4W ` κqpn´jq ` β4Zpn´jq
¯
´ βτ e´s
nÿ
j“0
ÿ
iPt1,2u
ˆ
n
j
˙
Apjqci
´
β3pe´ s4Wci1 ` κci1 qpn´jq ` β4Zpn´jqci1
¯
` 9τc1βτBc2F pnqZ ` 9τc2βτBc1F pnqZ ` 9τc1c2βτF pnqZ . (3.77)
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3.5.3 ∇2α,β derivatives of A
We compute Bc2 of equation (3.58) to obtain the equation to obtain
BsAc1c2 ` VABxAc1c2 “Bc1c2FA ´
ÿ
i“t1,2u
Ap1qci1
´
9τciβ
2
τβ1W ` βτβ1Wci ` BciGA
¯
´Ap1q
´
9τc1c2β
2
τβ1W ` 2 9τc1 9τc2β1β3τW ` βτβ1Wc1c2 ` Bc1c2GA
`
ÿ
i“t1,2u
β2τβ1 9τciWci1
¯
“:F c1,c2A,0 . (3.78)
By computing Bnx of the above equation, we obtain´
Bs ` 5
4
n` nβτβ1W p1q
¯
Apnqc1c2 ` VABxApnqc1c2
“ ´1ně2
nÿ
j“2
ˆ
n
j
˙
βτβ1W
pjqApn´j`1qc1c2 ´ 1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
A A
pn´j`1q
c1c2
´
ÿ
i“t1,2u
nÿ
j“0
ˆ
n
j
˙
Apj`1qci1
´
9τciβ
2
τβ1W
pn´jq ` βτβ1W pn´jqci ` BciG
pn´jq
A
¯
´
ÿ
i“t1,2u
nÿ
j“0
ˆ
n
j
˙
Apj`1q
´
9τc1c2β
2
τβ1W
pn´jq ` 2 9τc1 9τc2β1β3τW pn´jq ` βτβ1W pn´jqc1c2
`
ÿ
iPt1,2u
β2τβ1 9τciW
pn´jq
ci1
` Bc1c2Gpn´jqA
¯
` Bc1c2F pnqA “: F pc1,c2qA,n . (3.79)
We next differentiate equation (3.59) to obtain
Bc1c2FA “βτβ1e´s
´
e´
s
4Wc2 ` κc2 ` Zc2
¯´
e´
s
4Wc1 ` κc1 ` Zc1
¯
` βτβ1e´s
´
e´
s
4W ` κ` Z
¯´
e´
s
4Wc1c2 ` κc1c2 ` Zc1c2
¯
´ 2βτβ5e´s
´
e´
s
4Wc2 ` κc2 ´ Zc2
¯´
e´
s
4Wc1 ` κc1 ´ Zc1
¯
´ 2βτβ5e´s
´
e´
s
4W ` κ´ Z
¯´
e´
s
4Wc1c2 ` κc1c2 ´ Zc1c2
¯
` 9τc1c2βτFA ` 9τc2βτBc1FA ` 9τc1βτBc2FA . (3.80)
By computing Bnx of the above, we obtain
Bc1c2F pnqA “βτβ1e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4Wc2 ` κc2 ` Zc2
¯pjq´
e´
s
4Wc1 ` κc1 ` Zc1
¯pn´jq
`βτβ1e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4W ` κ` Z
¯pjq´
e´
s
4Wc1c2 ` κc1c2 ` Zc1c2
¯pn´jq
´2βτβ5e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4Wc2 ` κc2 ´ Zc2
¯pjq´
e´
s
4Wc1 ` κc1 ´ Zc1
¯pn´jq
´2βτβ5e´s
nÿ
j“0
ˆ
n
j
˙´
e´
s
4W ` κ´ Z
¯pjq´
e´
s
4Wc1c2 ` κc1c2 ´ Zc1c2
¯pn´jq
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` 9τc1c2βτF pnqA ` 9τc2βτBc1F pnqA ` 9τc1βτBc2F pnqA . (3.81)
4 Initial data
We assume the data is of the form
W0 “Wχpε
1
4xq `xW0 ` αx2χpxq ` βx3χpxq , (4.1)
where χ is a smooth cut-off function satisfying χpxq “ 1 for |x| ď 1 and with support contained in the ball
of radius 2.
On the perturbation xW0, we shall assumeˇˇˇ
η 1
5
xW pnq0 pxqˇˇˇ ď ε , for |x| ď ε´ 14 and n “ 0, ..., 8 , (4.2)
|xW pnq0 p0q| ď ε , for n “ 2, 3 , (4.3)xW pnq0 p0q “ 0 , for n “ 0, 1, 4, 5, 6 . (4.4)
For Z0pxq :“ Zps0, xq, and A0pxq “ Aps0, xq, we assume
}Zpnq0 }8 ď ε
3
2 , (4.5)
}Apnq0 }8 ď ε
3
2 . (4.6)
for n “ 0, . . . , 8.
Furthermore, we will assume the following support assumption on the initial data pW0, Z0, A0q
supp pW0q Y supp pZ0q Y supp pA0q Ă r´M
2
ε´
1
4 ,
M
2
ε´
1
4 s . (4.7)
We will now describe the iteration.
Definition 4.1. The quantities Wα,β, Zα,β, Aα,β solve the system (3.17) - (3.19) with initial data W0 given
by (4.1) forWα,β .
We now describe the inductive hypotheses. First, we define the time step via
sN :“ ´ logpεq `N, N P N . (4.8)
The inductive hypotheses we make are the following:
W
p2q
αN ,βN
psN q “ 0, W p3qαN ,βN psN q “ 0 , (4.9)
To initialize the induction, we take
α0 “ ´1
2
xW p2q0 p0q, β0 “ ´16xW p3q0 p0q . (4.10)
Note that (4.9) is satisfied for N “ 0, which is the first step of the iteration, according to (4.10), due to (4.1)
which implies that
W
p2q
0,0 p0, s0q “W
p2qp0q `xW p2q0 p0q ´xW p2q0 p0q “ 0 ,
W
p3q
0,0 p0, s0q “W
p3qp0q `xW p3q0 p0q ´xW p3q0 p0q “ 0 .
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5 Bootstrap assumptions
In this section we delineate all of our bootstrap assumptions. First, recall the weight function ηγ defined in
(3.29). Let us also specify the hierarchy of three small parameters, where ε is significantly smaller than any
power ofM´1, and in turn M´1 is significantly smaller than any power of ℓ. For the sake of precision, we
make the following selections
ℓ´1 “ log logpMq . (5.1)
5.1 Parameter assumptions
We will first specify bootstrap assumptions on the parameters, pα, βq, appearing in the specification of the
initial data in (4.1). Throughout the analysis, our parameters pα, βq will be contained in the rectangle set
BN , which is defined via
BN “
!
|α´ αN | ďM30ε´
3
4 e´
7
4
sN ` ε´ 310 e´ 32 sN , |β ´ βN | ďM30ε´
1
2 e´
3
2
sN
)
. (5.2)
In particular, since s0 “ ´ log ε we have
|α| ď 2M30ε, |β| ď 2M30ε . (5.3)
Note that the bootstrap in this parameter region will be verified in (11.1) - (11.2). Moreover, notice that due
to (2.5), (5.3) is valid for the initial choice of pα, βq “ pα0, β0q, defined in (4.10).
Remark 5.1 (Notation). We will now drop the subscript Wα,β as it is understood that α, β are fixed, and
arbitrary elements of the set BN pαN , βN q.
Note that we only assume (and therefore prove) the below bootstraps on the time interval ´ log ε ď s ď
sN`1. We now state the main inductive proposition we will be proving using these bootstrap estimates. The
proof of this proposition will take place in Subsection 11.1.
Proposition 5.2. Fix N P N, the parameters pε,M, ℓq through (5.1). Let sN be given by (4.8). Assume
pαN , βN q are given so that (4.9) is valid for choice of data (4.1), satisfying conditions (4.2) - (4.7). Then
there exists pαN`1, βN`1q so that (4.9) is valid for sN`1 for data given again by (4.1).
5.2 Bootstrap estimates on pW pnq, Zpnq, Apnqq and modulation variables
We will assume the following bootstraps on the support of the solutions:
suppW psq Y suppZpsq Y suppApsq Ă BpMεe 54sq “: Bf , (5.4)
whereBprq is the ball centered at the origin of radius r. We give the nameBf to the above ball to compactify
notation, as we will frequently write indicator functions on this ball.
We will assume the following global in x bootstrap assumptions onW :
|W | ď ℓ logMη 1
20
, (5.5)
|W p1q| ď ℓ logMη´ 1
5
, (5.6)
|W pnq| ďMn2η´ 1
5
for n “ 2, . . . , 8 , (5.7)
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As a consequence of (5.5) and (5.4), we have that
|W | ď ℓ logpMqη 1
20
À ℓ logpMqxxy 15 À ℓ logpMqxMεe 54sy 15 À ℓ logpMqp1 `M 15 ε 15 e s4 q ,
and thus,
e´
s
4 |W | ď 1 , (5.8)
which we shall use repeatedly.
On Z and A we will assume the following bootstraps:
}Z}8 ď ε 54 , }Zpnq}8 ďM2n2e´ 54 s , (5.9)
}A}8 ďMε , }Apnq}8 ďM2n2e´
5
4
s , (5.10)
for n “ 1, . . . 8.
For the difference,ĂW , we make the following bootstrap assumptions onĂW andĂW p1q in the region |x| ď ε´ 14
|ĂW | ď ε 320 η 1
20
, (5.11)
|ĂW p1q| ď ε 120 η´ 1
5
. (5.12)
For the higher order derivatives of ĂW , we will assume the following local in x bootstraps in the region
|x| ď ℓ
|ĂW pnq| ď |x|6´n ε 15 ` ε 12 ď 2 |ℓ|6´n ε 15 , for 0 ď k ď 5 (5.13)
|ĂW p6q| ď ε 15 , (5.14)
|ĂW p7q| ďMε 15 , (5.15)
|ĂW p8q| ďM3ε 15 (5.16)
We now make the following crucial bootstrap assumptions, which display decay in s for the uncon-
strained quantities qp2q, qp3q (recall the notation defined in (3.44)),
|qp2q| ď ε 110 e´ 34s, |qp3q| ďM40e´s , (5.17)
and the following smallness estimate
|ĂW p5qp0, sq| ď ε 12 for ´ log ε ď s ď sn`1 , (5.18)
which in particular, when coupled with (3.28), ensures that
|qp5q| ě 120´ ε 12 ě 100 . (5.19)
We also have crucially the following estimateˇˇˇ
W p1q
ˇˇˇ
ď 1` e´ 34s . (5.20)
Finally, we have the bootstraps on the modulation variables:
|µ| ď ε 16 e´ 34 s , | 9τ | ď ε 16 e´ 34 s , | 9κ| ď ε 18 , (5.21)
|κ´ κ0| ď ε , | 9ξ| ď 3κ0 . (5.22)
As a consequence we have
|1´ βτ | ď 2ε
1
6 e´
3
4
s , (5.23)
which will be employed repeatedly in the forthcoming estimates.
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5.3 ∇α,β bootstraps
We now provide the bootstrap assumptions we make on the pα, βq derivatives of the quantities appearing in
Subsection 5.2. The first bootstraps we provide are for the modulation variables, for which we notably do
not distinguish between α and β derivative (recall Bc P tBα, Bβu from (3.53)).
|Bcµ| ďM33ε 12 e´ s4 , |Bc 9τ | ď ε 12 , |Bc 9κ| ď ε 14 e 12 s , (5.24)
|Bcκ| ď ε 12 , |Bc 9ξ| ďMε 12 . (5.25)
Next, we provide the bootstrap assumptions on BαZ, BβZ, BαA, BβA, and higher derivatives thereof. We
again note that we do not distinguish between α and β derivatives for these quantities.
}BcZ}8 ď ε 12 , }BcA}8 ď ε 12 , (5.26)
}BcZpnq}8 ďM2n2ε 12 e´ 12 s , }BcApnq}8 ďM2n2ε 12 e´ 12s , (5.27)
for n “ 1, . . . , 7.
Next, we provide the bootstrap assumptions for the elements of the 2ˆ 2 s-dependent matrixˆBαqp2qpsq Bβqp2qpsq
Bαqp3qpsq Bβqp3qpsq
˙
.
For these quantities, we need to distinguish between α and β derivatives carefully, which we do via
1
2
ε
3
4 e
3
4
s ď Bαqp2q ď 4ε
3
4 e
3
4
s , |Bαqp3q| ď εe
s
2 , (5.28)
|Bβqp2q| ď εe
3
4
s ,
1
2
ε
1
2 e
1
2
s ď Bβqp3q ď 4ε
1
2 e
1
2
s . (5.29)
In addition, we will need the enhanced constrained bootstrap
|rqp5qc psq| ď ε 38 e 18 s . (5.30)
Next, we will assume the following bootstrap bounds on BcW and higher derivatives thereof.
}BcW }8 ďM4ε
3
4 e
3
4
s , (5.31)
}BcW pnqη 1
20
}8 ďM pn`2q2ε
3
4 e
3
4
s . (5.32)
for n “ 1, . . . , 7. Finally, we assume the following localized bounds on the region |x| ď ℓ which are
stronger than (5.31) - (5.32)
|W pnqc | ď ℓ
1
2Mε
3
4 e
3
4
s for 0 ď n ď 6 , (5.33)
|W p7qc | ďMε
3
4 e
3
4
s . (5.34)
5.4 ∇2α,β bootstraps
We now provide the bootstrap assumptions on two parameter (α, β) derivatives of the quantities in Subsec-
tion 5.2. For these highest order bootstraps, we do not need to distinguish between α and β derivatives.
Recall that Bc1c2 means ci P tα, βu. We impose the following bootstrap assumptions for 0 ď n ď 6
}Bc1c2Zpnq}8 ďM2j
2
ε
5
8 e
s
4 , (5.35)
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}Bc1c2Apnq}8 ďM2j
2
ε
5
8 e
s
4 , (5.36)
}Bc1c2W pnq}8 ďM pk`5q
2
ε
3
2 e
3
2
s . (5.37)
We will also need bootstraps on the second derivative of the modulation variables
|µc1c2 | ďMε
5
4 e
5
4
s , | 9κc1c2| ďM2ε
5
4 e2s , | 9τc1c2| ď εe
3
4
s , (5.38)
|κc1c2| ďM3ε
5
4 es , | 9ξc1c2| ďM4ε
5
4 es . (5.39)
6 Preliminary estimates
In order to analyze the equations (3.20) - (3.22) and their higher order spatial derivative counterparts, (3.33)
- (3.35), as well as their higher order parameter derivative counterparts, we first provide estimates on the
forcing terms appearing in (3.20) - (3.22). These are performed in Subsection 6.2. Controlling these forcing
terms requires in turn controlling the transport speeds, GW , GZ , GA, which is achieved in Subsection 6.1.
The final subsection in this section, Subsection 6.3, collects estimates on the trajectories associated to the
transport structure of equations (3.33) - (3.35).
6.1 Transport speed estimates
We now provide estimates on the transport speeds, which are defined in (3.11) - (3.13). We begin with the
following estimates.
Lemma 6.1. Let ´1 ď r ď 0, and n ě 1. Then the following estimates are valid on the transport speeds,
(3.11) - (3.13).
}GW η r
4
}8 À ε
1
6 e´
3
4
s `M3`rεp1`rqe 1`5r4 s, }GpnqW }8 ÀM2n
2
e´s , (6.1)
}GZ ` p1´ β2qe
s
4κ0}8 À e
s
4 , }GpnqZ }8 ÀM2n
2
e´s , (6.2)
}GA ` p1´ β1qe
s
4κ0}8 À e
s
4 , }GpnqA }8 ÀM2n
2
e´s . (6.3)
Proof. We record the following identity:
GW px, sq “ µpsq `GW,epx, sq, GW,epx, sq :“ βτβ2e
s
4
ż x
0
Zp1qpx1, sqdx1 , (6.4)
where we have invoked definition (3.11) for GW and subsequently (3.23) for the quantity µpsq. We estimate
for j ě 1,
}GpjqW }8 “ }βτβ2e
1
4
sZpjq}8 ď 2e
1
4
sM2j
2
e´
5
4
s . (6.5)
Using (6.4), we estimate
}GW η r
4
}8 À|µ| ` }GW,eη r
4
}8
Àε 16 e´ 34s ` }xxyr
ż x
0
BxGW px1qdx1}8
Àε 16 e´ 34s ` }xxyr
ż x
0
xx1y´1´rBxGW px1qxx1y1`r dx1}8
Àε 16 e´ 34s ` }BxGW xxy1`r}8
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Àε 16 e´ 34s ` e 14s}Zp1qxxy1`r}8
Àε 16 e´ 34s `M3`rεp1`rqe 1`5r4 s . (6.6)
Above, we have invoked estimate (5.21) for the estimate on µ, the definition (3.11) to calculate BxGW ,
estimate (5.9) on Zp1q, and the estimate (5.4) to translate spatial weights to growth in s.
The above calculation, (6.6), works when r ă 0, but at r “ 0 does not quite work due to having to
integrate xxy´1. However, in that case, we may estimate via
}GW }8 À |µ| ` }GW,e}8 À ε
1
6 e´
3
4
s ` }xxyGp1qW }8 À ε
1
6 e´
3
4
s `M2e´spMεe 54 sq ,
where we have invoked (5.21) for the estimate on µ, (6.5) with j “ 1, and the estimate (5.4) on the support.
We now move to the transport speed GZ . First, for the lowest order quantity, we use the definition (3.12)
and the bootstrap assumptions (5.22) to estimate
}GZ ` p1´ β2qe
s
4κ0}8 À e
s
4 p1` ε` ε 54 q À ε s4 .
According to the definition (3.12), we estimate
}GpnqZ }8 À e
1
4
s}Zpnq}8 ÀM2n2e´s ,
where we have invoked the bootstrap, (5.9). For the transport speed GA, we invoke the definition (3.13) to
perform the exact same calculation.
Lemma 6.2. Let c P tα, βu. For 0 ă r ď 1 and 1 ď n ď 7, the following estimates are valid on the
transport speeds, (3.11) - (3.13)
}BcGW η´ r
4
}8 À ε
1
2 `M3´rε 32´re 4´5r4 s , }BcGpnqW }8 ÀM2n
2
ε
1
2 e´
s
4 , (6.7)
}BcGZ}8 À ε
1
4 e
s
4 , }BcGpnqZ }8 ÀM2n
2
ε
1
2 e´
s
4 , (6.8)
}BcGA}8 À ε
1
4 e
s
4 , }BcGpnqA }8 ÀM2n
2
ε
1
2 e´
s
4 . (6.9)
Proof. We differentiate (6.4) in c to yield
BcGW “ Bcµ` BcGW,e “ Bcµ` Bc 9τβ2τβ2e
s
4
ż x
0
Zp1qpx1, sqdx1 ` βτβ2e
s
4
ż x
0
BcZp1q dx1 . (6.10)
Multiplying now by a weight of η´ r
4
, we obtain for every r ą 0,
}BcGW η´ r
4
}8 À|Bcµ| ` |Bc 9τ |e
s
4 }Zp1qη 1´r
4
}8 ` e
s
4 }BcZp1qη 1´r
4
}8
ÀM33ε 12 e´ s4 ` ε 12 e s4 pM2e´ 54 sqpMεe 54 sq1´r ` e s4 pM2ε 12 e´ s2 qpMεe 54sq1´r
Àε 12 `M3´rε 32´re 4´5r4 s ,
where we have invoked (5.24) for the modulation variables, (5.9) and (5.27) for the Z quantities, and (5.4)
to estimate η 1´r
4
in the support of Zp1q and hence BcZp1q.
We first differentiate GW to order n ě 1 in x via (3.11) and then take Bc of the result to produce
BcGpnqW “ Bc 9τβ2τβ2e
s
4Zpnq ` β2βτe s4 BcZpnq ,
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which upon estimating yields
}BcGpnqW }8 À|Bc 9τ |e
s
4 }Zpnq}8 ` e
s
4 }BcZpnq}8
ÀM2n2ε 12 e´s ` e s4M2n2ε 12 e´ s2 ÀM2n2ε 12 e´ s4 ,
where we have invoked (5.24) for the modulation variables, (5.9) and (5.27) for the Z quantities.
By differentiating (3.12) in Bc, we obtain the identities
BcGZ “ 9τcβτGZ ` βτ e s4 pβ2κc ´ 9ξc ` Zcq (6.11)
“Bc 9τβ2τ e
s
4 pβ2κ´ 9ξ ` Zq ` βτ e
s
4 pβ2Bcκ´ Bc 9ξ ` BcZq
BcGpnqZ “ 9τcβτGpnqZ ` βτ e
s
4Zpnqc . (6.12)
By estimating (6.11) we obtain
}BcGZ}8 À|Bc 9τ |e
s
4 p|κ| ` | 9ξ| ` }Z}8q ` e
s
4 p|Bcκ| ` |Bc 9ξ| ` }BcZ}8q
Àε 12 e s4 p1` ε 54 q ` e s4 pε 14 ` ε 14 ` ε 12 q À ε 14 e s4 ,
where we have invoked both (5.24) - (5.25) for the Bc of the modulation variables, (5.21) - (5.22) for the
modulation variables themselves, and finally (5.9) and (5.27) for the Z quantities, with j ě 1.
By estimating (6.12) we obtain for 1 ď n ď 7,
}BcGpnqZ }8 À|Bc 9τ |e
s
4 }Zpnq}8 ` e s4 }BcZpnq}8
Àe s4 ε 12M2n2e´ 54s ` e s4M2n2ε 12 e´ s2 ÀM2n2ε 12 e´ s4 ,
where we have invoked (5.24) for the Bc 9τ term, and then (5.9) and (5.27) for Zpnq and BcZpnq, respectively.
For BcGA, we perform essentially the same estimate as for BcGZ .
Lemma 6.3 (Transport Estimates). Let ci P tα, βu for i “ 1, 2, and fix any 0 ă r ď 1. Then the following
estimates are valid for the transport speeds
}Bc1c2GW η´ r
4
}8 ÀMε
5
4 e
5
4
s `M3´rε 138 ´re 7´5r4 s , }Bc1c2GpnqW }8 ÀM2n
2
ε
5
8 e
s
2 , (6.13)
}Bc1c2GZ}8 ÀM4ε
5
4 e
5
4
s , }Bc1c2GpnqZ }8 ÀM2n
2
ε
5
8 e
s
2 , (6.14)
}Bc1c2GA}8 ÀM4ε
5
4 e
5
4
s , }Bc1c2GpnqA }8 ÀM2n
2
ε
5
8 e
s
2 , (6.15)
or 1 ď n ď 7
Proof. We differentiate (6.10) in Bc2 which generates the identities
Bc1c2GW “ µc1c2 ` βτβ2e
s
4
ż x
0
Zp1qc1c2 ` β2τβ2 9τcie
s
4
ż x
0
Zp1qci1
` p 9τc1c2 ` 2βτ 9τc1 9τc2qβ2τβ2e
s
4
ż x
0
Zp1q , (6.16)
Bc1c2GpnqW “ βτβ2e
s
4Zpnqc1c2 ` β2τβ2 9τcie
s
4Zpnqci1 ` p 9τc1c2 ` 2βτ 9τc1 9τc2qβ
2
τβ2e
s
4Zpnq , (6.17)
for n ě 1. Estimating the right-hand side of (6.16) yields
}Bc1c2GW η´ r
4
}8 À|µc1c2| ` e
s
4 }Zp1qc1c2η 1´r
4
}8 ` | 9τci |e
s
4 }Zp1qci1 η 1´r4 }8 ` p| 9τc1c2| ` | 9τc|
2qe s4 }Zp1qη 1´r
4
}8
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ÀMε 54 e 54 s `M3´rε 138 ´re 7´5r4 s ` ε2´re s4M3´rep1` 54 rqs
` pεe 34s ` εqM3´rε1´re´ 1`5r4 s .
Above, we have used (5.38) for the µc1c2 , 9τc1c2 terms, (5.35) for the Z
p1q
c1c2 term, (5.27) for the Z
p1q
c term,
(5.9) for the Zp1q term, (5.24) for the 9τc terms, and finally (5.4) for the estimation of η in the presence of Z .
Estimating the right-hand side of (6.17) yields for j ě 1,
}Bc1c2GpnqW }8 À e
s
4 }Zpnqc1c2}8 ` | 9τc|e
s
4 }Zpnqc }8 ` p| 9τc1c2| ` | 9τc|2qe
s
4 }Zpnq}8 ÀM2n2ε
5
8 e
s
2 .
We have invoked (5.35) for the Z
pjq
c1c2 term, (5.24) for the 9τc term, (5.27) for the Zc term, (5.9) for the Z
pjq
term, and (5.38) for the 9τc1c2 term.
Next, we differentiate (6.11) - (6.12) in Bc2 to arrive at
Bc1c2GZ “ 9τc1c2βτGZ ` 9τciβτBci1GZ ` βτ e
s
4
´
β2κc1c2 ´ 9ξc1c2 ` Zc1c2
¯
, (6.18)
Bc1c2GpnqZ “ 9τc1c2βτGpnqZ ` 9τciβτBci1G
pnq
Z ` βτe
s
4Zpnqc1c2 . (6.19)
Estimating the right-hand side gives (6.14) via
}Bc1c2GZ}8 À| 9τc1c2 |}GZ}8 ` | 9τ |}BcGZ}8 ` e
s
4
´
|κc1c2| ` | 9ξc1c2 | ` }Zc1c2}8
¯
Àεes ` ε 34 e s4 ` e s4
´
M3ε
5
4 es `M4ε 54 es ` ε 58 e s4
¯
Above we have invoked (6.2) and (6.8) for the GZ and BcGZ terms, respectively. We have also invoked
(5.38) - (5.39) for the second derivatives of the modulation variables and (5.35) for the Zc1c2 term.
For the right-most estimate in (6.14), we estimate the right-hand side of (6.19),
}Bc1c2GpnqZ }8 À| 9τc1c2 |}GpnqZ }8 ` | 9τc|}BcGpnqZ }8 ` e
s
4 }Zpnqc1c2}8
ÀM2n2εe´ s4 `M2n2εe´ s4 `M2n2ε 58 e s2 ÀM2n2ε 58 e s2 ,
where we have invoked (6.2) and (6.8) for the G
pnq
Z and BcGpnqZ terms, respectively.
A nearly identical estimate is valid for (6.15).
6.2 Forcing estimates
In this subsection, we will provide pointwise estimates on the forcing terms FW , FZ , FA, defined in (3.14)
- (3.16) as well as their various derivatives (spatial and parameter).
6.2.1 Forcing estimates for pW,Z,Aq and its derivatives
We now provide estimates on the forcing of pW,Z,Aq and their spatial derivatives.
Lemma 6.4. For the forcing quantities defined in (3.14) - (3.16) and (3.52), the following estimates are
valid
}FW }8 ď ε
3
4 e´
3
4
s, }F pnqW }8 ď ε
3
4 e´s for 1 ď n ď 8 (6.20)
} rFW }8 ď e´ 34s , } rFW,1η 1
4
}8 ď ε 110 , (6.21)
}FW,nη 1
5
}8 ÀMn2´1 for 2 ď n ď 8 , }F p1qW η 1
4
}8 ď e´
1
2
s , (6.22)
}FW,1η 1
5
}8 À e´
1
2
s (6.23)
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Proof. We use definition (3.14) to estimate
}FW }8 Àe´
3
4
s}A}8p}Z}8 ` }e´
s
4W ` κ}8q À e´
3
4
sMεpε 54 `Mq ÀM εe´
3
4
s ,
which establishes the first inequality in (6.20).
We now want to estimate rFW , for which we use definition (3.51) to bound
} rFW }8 ď|βτ |e´ 34s| 9κ| ` }FW }8 ` |βτ ´ 1|}WBxW }8 ` }GWη´ 1
5
}8}BxWη 1
5
}8
Àe´ 34sε 18 ` ε 34 e´ 34s ` ε 16 e´ 34 s `M 115 ε 15 e´ 34s
Àε 18 e´ 34s ,
which establishes the first inequality in (6.21). Above, we have invoked estimate (5.21) for the 9κ term, the
previously established estimate on }FW }8 in (6.20), (5.23) for the βτ ´ 1 quantity, and estimate (6.1) for
the GW term, with r “ ´45 .
Estimating the expression (3.39), we obtain
}F pnqW }8 Àe´
3
4
s
n´1ÿ
j“1
}Apjq}8
´
}Zpn´jq}8 ` e´
s
4 }W pn´jq}8
¯
` e´ 34s}Apnq}8}e´ s4W1Bf ` κ}8 ` e´
3
4
s}A}8p}Zpnq}8 ` e´ s4 }W pnq}8q
ÀMe´2spe´ 54 s ` e´ s4 q ` e´2s ` εe´ 34spe´ 54 s ` e´ s4 q ÀM εe´s , (6.24)
which establishes the second inequality in (6.20). To estimate (6.24), we have invoked (5.4) and estimates
(5.9) - (5.10).
We now turn to the second inequality in (6.22). For this, we appeal to the definition (3.39)
}F p1qW η 1
4
}8 Àe´
3
4
s}Ap1qη 1
4
}8
´
}Z}8 ` }e´
s
4W1Bf ` κ}8
¯
` e´ 34 s}A}8}Zp1qη 1
4
}8
` e´ 34 s}Aη 1
20
}8
´
}W p1qη 1
5
}8 ` }ĂW p1qη 1
5
}8
¯
ÀM2e´2spMεe 54 sqpε 54 `Mq `M4ε2e´ 34s `Me´ 34sε 54 pMεe 54sq 15 ℓ logM
Àε 18 e´ 12 s , (6.25)
where above we have used the inequality η r
4
À pMεe 54 sqr in the support of A,Z , as well as estimates (5.9)
- (5.10) and (5.12) and (3.31) for the spatial decay property ofW
p1q
.
We now arrive at the second estimate in (6.21). An appeal to (3.52) gives
} rFW,1η 1
4
}8 À}F p1qW η 1
4
}8 ` }W p2qĂWη 1
4
}8 ` }Gp1qW ĂW p1qη 1
4
} ` |βτ ´ 1|
´
}W W p2qη 1
4
}8
` }W p1qη 1
8
|}W p1qη 1
8
}8
¯
` }GWW p2qη 1
4
}8 ` }Gp1qW W
p1q
η 1
4
}8
À}F p1qW η 1
4
}8 ` }W p2qη 9
20
}8}ĂWη´ 1
20
}8 ` pMεe
5
4
sq 15 }Gp1qW }8}ĂW p1qη 1
5
}8
` ε 16 e´ 34s ` }W p2qη 9
20
}8}GW η´ 1
5
}8 ` pMεe
5
4
sq 15 }Gp1qW }8}W
p1q
η 1
5
}8
Àε 18 e´ s2 ` ε 320 ` ε 16 e´ 34s ` ε 14 e´ 34 s ` ε 16 e´ 34s `M 115 ε 15 e´ 34s À ε 320 .
Above, we have used the bootstrap estimates (5.11) and (5.12) on ĂW , the bound (3.31) regarding the decay
of W
p2q
, as well as estimate (6.22), which has already been established. We have moreover invoked the
previously established estimates (6.1) on the GW quantity with r “ ´45 and the G
p1q
W quantity.
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To prove (6.23), we first recall the definition (3.42), according to which if we pair with estimate (6.25)
yields
}FW,1η 1
5
}8 ď}F p1qW η 1
5
}8 ` }Gp1qW }8}W p1qη 1
5
}8 À ε 18 e´ 12 s ` ℓM3 logMe´s À ε 18 e´ 12s ,
where we have also invoked estimate (6.1), and the bootstrap (5.6).
We now appeal to the definition (3.36) to perform the third estimate, (6.22). We estimate also with the
help of (6.24)
}F pnqW η 1
5
}8 Àε
3
4 e´spMεe 54sq 45 “M 45 ε 74 ,›››1ně3βτ n´1ÿ
j“2
ˆ
n
j
˙
W pjqW pn`1´jqη 1
5
›››
8
À
n´1ÿ
j“2
M j
2
M pn`1´jq
2 ÀMn2´1
››› nÿ
j“1
ˆ
n
j
˙
G
pjq
W W
pn`1´jqη 1
5
›››
8
À
nÿ
j“1
M2j
2
e´sM pn`1´jq
2 ď ε 12 .
Above we have invoked the elementary inequality j2`pn`1´jq2 ď ´1`n2 for n ě 3, and 2 ď j ď n´1,
as well as the estimates on G
pjq
W in (6.1), and estimates (5.7) onW
pnq.
We now state a lemma regarding localized estimates, on |x| ď ℓ, which have an enhanced scaling.
Lemma 6.5. The following estimates are valid:
sup
|x|ďℓ
| rFW,6| À ℓε 15 , sup
|x|ďℓ
| rFW,7| ď ε 15 , sup
|x|ďℓ
| rFW,8| ÀMε 15 . (6.26)
Proof. We use the definition (3.52) to estimate via
sup
|x|ďℓ
| rFW,6| À}F p6qW }8 ` 5ÿ
j“2
sup
|x|ďℓ
|ĂW p7´jq| ` 6ÿ
j“1
sup
|x|ďℓ
|ĂW p6´jq| ` ε 12 ε 15
` ε 16 e´ 34 s `
6ÿ
j“1
M2j
2
e´s ` ε 12
Àε 34 e´s ` ℓε 15 ` ε 12 ε 15 ` ε 16 e´ 34s ` ε 12 À ℓε 15 ,
where we have invoked estimates (6.20) with n “ 6, and (5.14).
The identical argument applies to the estimate of rFW,7 and rFW,8.
Lemma 6.6. For FZ defined in (3.15), the following estimates are valid
}FZ}8 ďε
3
4 e´s , (6.27)
}FZ,1} ďε
1
2 e´
5
4
sIpsq ` e´ 32s , (6.28)
}F pnqZ }8 ďε
3
4 e´
5
4
s , (6.29)
}FZ,n}8 ÀM2n2´1e´
5
4
s . (6.30)
for 2 ď n ď 8, where Ipsq is an integrable function of s satisfying the bound şs
s0
|Ips1q|ds1 ă 1.
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Proof. For estimate (6.27), we use the definition (3.15) to estimate
}FZ}8 À e´s}A}8
´
}e´ s4W ` κ}8 ` }Z}8
¯
ÀM2εe´s ,
where we have invoked (5.10), as well as (5.8).
To estimate F
pnq
Z , we recall definition (3.40), which requires us to estimate the following four types of
terms
nÿ
j“1
}βτ e´sApjqpe´
s
4W ` κqpn´jq}8 À e´s}Apjq}8}e´
s
4W1Bf ` κ} ÀMe´se´
5
4
s ,
nÿ
j“1
}βτe´sApjqZpn´jq}8 À e´s}Apjq}8}Z} ÀMε 54 e´ 94s ,
}βτ e´sAβ3e´
s
4W pnq}8 ÀM εe´
5
4
s ,
}βτe´sAβ4Zpnq}8 ÀM εe´
9
4
s .
Again, we have used estimates (5.9) - (5.10), as well as estimates (5.7) for derivatives ofW .
We now provide the estimate (6.30). Recall the definition (3.43). For this, when coupled with (6.29),
we need to estimate further the following two terms
}1ně2βτβ2
nÿ
j“2
ˆ
n
j
˙
W pjqZpn`1´jq}8 ÀM2n2´11ně2e´
5
4
s ,
}
nÿ
j“1
G
pjq
Z Z
pn`1´jq}8 ÀM e´
9
4
s .
Above, we have invoked estimates (5.7) for derivatives ofW , (5.9) for Z , as well as (6.2) for the G
pjq
Z terms.
For estimate (6.28), we estimate all of the terms above by e´
3
2
s with the exception of
|βτβ3e´
5
4
sAW p1q ˝ΦZ | ď 10ε
5
4 e´
5
4
s|η´ 1
5
˝ ΦZ | ď εe´
5
4
sIpsq ,
where we have invoked the trajectory estimate (6.60).
Lemma 6.7. For FA defined in (3.16), the following estimates are valid
}FA}8 ÀM 12 e´s , (6.31)
}FA,1}8 ď e´ 54sIpsq , (6.32)
}F pnqA }8 ÀMn
2
e´
5
4
s, for 2 ď n ď 8 , (6.33)
}FA,n}8 ÀM2n2´1e´
5
4
s for 2 ď n ď 8 , (6.34)
where Ipsq is an integrable function of s satisfying the bound şs
s0
|Ips1q|ds1 ăM .
Proof. First, we estimate FA via the definition in (3.16)
}FA}8 À e´s}A}28 ` e´s}e´
s
4W ` κ` Z}28 ` e´s}e´
s
4W ` κ´ Z}28 ÀM
1
2 e´s , (6.35)
where we have used estimate (5.9), (5.10), (5.8), and (5.22), coupled with the fact thatM is large relative to
κ0.
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We now turn to (6.33), for n ě 1, for which we consider (3.41).
}F pnqA }8 Àe´s
nÿ
j“0
}Apjq}8}Apn´jq}8 ` e´s
nÿ
j“0
´
}pe´ s4W ` κqpjq}8 ` }Zpjq}8
¯
ˆ´
p}pe´ s4W ` κqpn´jq}8 ` }Zpn´jq}8
¯
ÀMn2e´ 54s .
Above, we have invoked (5.9) - (5.10) as well as (5.7) and (5.8).
The remaining two estimates, (6.32) and (6.34), follow in the same manner as (6.28) - (6.30).
6.2.2 ∇a,b forcing estimates
We now develop estimates regarding the Bα and Bβ derivatives of the forcing terms FW , FZ , FA. We start
with the quantities BαFW and BβFW in the following lemma.
Lemma 6.8. Let n ě 1. Then,
}BcFW }8 ÀMε
3
4 e´
s
4 , }F cW,0}8 À ε
1
8 , (6.36)
}BcF pnqW }8 À ε
3
4 e´
s
4 , }F cW,nη 1
20
}8 ÀM´1M pn`2q2ε 34 e 34s . (6.37)
Proof. First, we use equation (3.63) to estimate the first quantity in (6.37). We proceed in order, starting
with
}BcFW }8 À}Bc 9τβ2τ e´
3
4
sA
´
β3Z ` β4pe´
s
4W ` κq
¯
}8 ` }βτe´
3
4
sBcA
´
β3Z ` β4pe´
s
4W ` κq
¯
}8
` }βτ e´ 34sA
´
β3BcZ ` β4pe´ s4 BcW ` Bcκq
¯
}8
À|Bc 9τ |e´ 34s}A}8
´
}Z}8 ` }e´ s4W1Bf ` κ}8
¯
` e´ 34s}BcA}8
´
}Z}8 ` }e´ s4W1Bf ` κ}8
¯
` e´ 34 s}A}8
´
}BcZ}8 ` }e´
s
4 BcW }8 ` |Bcκ|
¯
ÀMε 32 e´ 34 s
´
ε
5
4 `M
¯
` e´ 34 sε 12
´
ε
5
4 `M
¯
`Mεe´ 34s
´
ε
1
2 ` εe´ 34s ` ε 38
¯
.
Above, we have invoked repeatedly estimates (5.9) - (5.10), as well as (5.24) - (5.27).
Next, we use equation (3.65) to estimate the second quantity in (6.36) via
}e´ 34sβτBc 9κ` e´
3
4
s
9κBc 9τβ2τ }8 À e´
3
4
s|Bc 9κ| ` e´
3
4
s| 9κ||Bc 9τ | À ε
1
4 e´
s
4 ` e´ 34sε 58 ,
}BcGWW p1q}8 ď }BcGW η´ 1
5
}8}W p1qη 1
5
}8 ÀM ε
1
2 ,
}W p1q 9τcW }8 ď | 9τc|}W p1qη 1
5
}8}Wη´ 1
20
}8 À ε
1
2 ,
where we have invoked the bootstrap bounds (5.21), (5.24), and for the second line above we have invoked
(6.7) with r “ 4
5
.
Next, we use equation (3.67) to estimate the first quantity in (6.37). Specifically,
}BcF pnqW }8 À
››› nÿ
j“0
ˆ
n
j
˙
Bc 9τβ2τ e´
3
4
sApjq
´
β3Z
pn´jq ` β4pe´
s
4W ` κqpn´jq
¯›››
8
`
››› nÿ
j“0
ˆ
n
j
˙
βτe
´ 3
4
sBcApjq
´
β3Z
pn´jq ` β4pe´
s
4W ` κqpn´jq
¯›››
8
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`
››› nÿ
j“0
ˆ
n
j
˙
βτe
´ 3
4
sApjq
´
β3BcZpn´jq ` β4pe´
s
4 BcW ` Bcκqpn´jq
¯›››
8
“:O1 `O2 `O3 .
Bounding O1, we obtain
O1 À
n´1ÿ
j“1
|Bc 9τ |e´
3
4
s}Apjq}8
´
}Zpn´jq}8 ` }e´
s
4W pn´jq}8
¯
` |Bc 9τ |e´
3
4
s}A}8
´
}Zpnq}8 ` }e´
s
4W pnq}8
¯
` |Bc 9τ |e´
3
4
s}Apnq}8
ˆ
´
}Z}8 ` }e´
s
4W1Bf ` κ}8
¯
ÀM ε
1
2 e´2spe´ 54s ` e´ s4 q ` ε 32 e´ 34 spe´ 54 s ` e´ s4 q ` ε 12 e´2spε 54 ` 1q
ÀM ε
5
4 e´s,
where we have invoked estimates (5.9) - (5.10), as well as (5.24).
We now bound O2
O2 À
n´1ÿ
j“1
e´
3
4
s}BcApjq}8
´
}Zpn´jq}8 ` e´ s4 }W pn´jq}8
¯
` e´ 34s}BcA}8
´
}Zpnq}8 ` e´
s
4 }W pnq}8
¯
` e´ 34 s}BcApnq}8
ˆ
´
}Z}8 ` }e´ s4W1Bf ` κ}8
¯
ÀM ε
1
2 e´
5
4
spe´ 54s ` e´ s4 q ` e´ 34 sε 12 pe´ 54s ` e´ s4 q ` ε 12 e´ 54spε 54 ` 1q
ÀM ε 34 e´s.
We have invoked estimates (5.9) - (5.10), as well as (5.27).
Finally, we estimate O3
O3 À
n´1ÿ
j“1
e´
3
4
s}Apjq}8
´
}BcZpn´jq}8 ` e´
s
4 }BcW pn´jq}8
¯
` e´ 34 s}A}8
´
}BcZpnq}8 ` e´
s
4 }BcW pnq}8
¯
` e´ 34s}Apnq}8
ˆ
´
}BcZ}8 ` e´
s
4 }BcW }8 ` |Bcκ|
¯
ÀM e´2spε
1
2 e´
1
2
s ` ε 34 e s2 q ` e´ 34sεpε 12 e´ s2 ` ε 34 e s2 q ` e´2spε 12 ` ε 34 e 34 s ` ε 38 q
ÀM εe´ s4 .
We have used the bootstrap bounds (5.9) - (5.10), as well as (5.25) and (5.26) - (5.27).
We now remark that, according to (5.4),
}BcF pnqW η 1
20
}8 À ε
3
4 e´
s
4 pMεe 54sq 15 “M 15 ε 1920 . (6.38)
Finally, we use equation (3.66) to estimate the second quantity in (6.37). In addition to estimate (6.38),
we need to estimate the following two quadratic quantities inW
}
nÿ
j“1
ˆ
n
j
˙
βτW
p1`jqBcW pn´jqη 1
20
}8 ÀM p1`jq2M pn´j`2q2ε
3
4 e
3
4
s ÀM´1M pn`2q2ε 34 e 34s, (6.39)
32
Buckmaster, Iyer Construction of Unstable Shocks
and similarly
}1ně2
n´2ÿ
j“0
ˆ
n
j
˙
βτW
pn´jqBcW pj`1qη 1
20
}8 À 1ně2
n´2ÿ
j“0
}W pn´jqη 1
20
}8}BcW pj`1q}8
ÀM pn´jq2M pj`3q2ε 34 e 34s ÀM´1M pn`2q2ε 34 e 34s . (6.40)
For both of the above estimates, (6.39) and (6.40), we have invoked (5.7) and (5.31) - (5.32).
Next, using again (3.66), we need to estimate the following two quantities
}1ně1
n´1ÿ
j“0
ˆ
n
j
˙
G
pn´jq
W BcW pj`1qη 1
20
}8 À 2M2pn´jq2e´sM pj`2q2ε
3
4 e
3
4
s ÀM ε
3
4 e´
s
4 , (6.41)
}
nÿ
j“0
ˆ
n
j
˙
BcGpjqW W pn´j`1qη 1
20
}8 À
nÿ
j“0
}BcGpjqW η´ 3
20
}8}W pn´j`1qη 1
5
}8 ÀM ε 910 e s4 . (6.42)
Above, we have appealed to estimates (6.1) with r “ 3
5
and (6.7) on GW and BcGW .
Finally, according to (3.66), we need to estimate
}
nÿ
j“0
ˆ
n
j
˙
9τcβ
2
τ
nÿ
j“0
ˆ
n
j
˙
W p1`jqW pn´jqη 1
20
}8 ÀM ε
1
2 . (6.43)
Above, we have used the elementary inequality
p1` jq2 ` pn´ j ` 2q2 ď ´1` pn` 2q2 for n ě 1, 1 ď j ď n ,
and we have invoked estimates (5.31), (5.32), (5.5). Combining (6.38) - (6.43), we obtain the right-most
estimate in (6.37).
We now establish enhanced localized estimates for the bottom order derivatives.
Lemma 6.9. The following estimates are valid
sup
|x|ďℓ
|F cW,7| ďMℓ
1
5 ε
3
4 e
3
4
s . (6.44)
Proof. An inspection of the proof Lemma 6.8 shows that only terms (6.39) and (6.40) need to be estimated,
with n “ 7. Accordingly, we estimate
}
7ÿ
j“1
ˆ
7
j
˙
βτW
p1`jqBcW p7´jqη 1
20
}8 ` }
5ÿ
j“0
ˆ
n
j
˙
βτW
p7´jqBcW pj`1qη 1
20
}8 À ℓ 12Mε 34 e 34s ,
upon invoking the localized bootstraps (5.13) and (5.33).
Lemma 6.10. The following estimates are valid
}BcFZ}8 ď ε
3
4 e´
s
2 , }F cZ,0}8 ď ε
1
2 e´
s
2 , (6.45)
}BcF pnqZ }8 À ε
3
4 e´
s
2 , }F cZ,n}8 ÀM2n
2´1ε
1
2 e´
s
2 , (6.46)
for 1 ď n ď 7
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Proof. First, we use expression (3.55) to estimate
}BcFZ}8 À | 9τc|}FZ}8 ` e´s}Ac}8
´
}e´ s4W ` κ}8 ` }Z}8
¯
` e´s}A}8
´
e´
s
4 }Wc}8 ` |κc| ` }Zc}8
¯
ÀM ε
5
4 e´s ` ε 12 e´ 32s
´
1` ε 54
¯
` εe´s
´
ε
3
4 e
s
2 ` ε 38 ` ε 12
¯
ÀM ε
7
8 e´
s
2 . (6.47)
where above we have also invoked estimate (6.27) for the FZ term together with the bootstrap estimates
(5.5), (5.9), (5.10), (5.22), (5.25), (5.27) and (5.32). The first estimate in (6.45) follows from (6.47) upon
bringing ε small relative toM .
Next, we use the identity (3.54) to estimate
}F cZ,0}8 ÀM }Zp1q}8
´
|Bc 9τ |}W }8 ` }BcW }8 ` }BcGZ}8
¯
` }BcFZ}8
ÀM e´
5
4
s
´
ε
1
2 e
s
4 ` ε 34 e 34 s ` ε 12 e s4
¯
` ε 34 e´ s2 ÀM ε
3
4 e´
s
2 ,
from which the second estimate in (6.45) follows again by bringing ε small relative toM .
We now use expression (3.57) to estimate the first quantity in (6.46) via
}BcF pnqZ }8 À| 9τc||βτ |}F pnqZ }8 ` |βτ |e´s
nÿ
j“0
}Apjqc
´
β3pe´
s
4W ` κqpn´jq ` β4Zpn´jq
¯
}8
` |βτ |e´s
nÿ
j“0
}Apjq
´
β3pe´ s4Wc ` κcqpn´jq ` β4Zpn´jqc
¯
}8
Àε 32 e´ 54 s ` ε 14 e´s ` εe´ s2 ,
where above we have invoked the forcing estimate, (6.29).
Next, in order to complete the estimate of the quantity }F cZ,n}8, we need to estimate the remaining five
terms in (3.56). The second, third, and sixth terms from the right-side of (3.56) are estimated via
nÿ
j“0
| 9τc|}Zpj`1q}8}W pn´jq}8 À
nÿ
j“0
M2pj`1q
2
ε
1
2 e´
5
4
sM pn´jq
2
e
s
4 ,
nÿ
j“0
}Zpj`1q}8}W pn´jqc }8 À
nÿ
j“0
M2pj`1q
2
e´
5
4
sM pn´jq
2
ε
3
4 e
3
4
s ,
nÿ
j“2
}W pjq}8}Zpn´j`1qc }8 ÀM j
2
ε
1
2M2pn´j`1q
2
e´
s
2 ÀM´1`2n2ε 12 e´ s2 .
Above, we have invoked (5.24), (5.27), and (5.32).
The fourth and fifth terms from the right-side of (3.56) are estimated via
nÿ
j“0
}Zpj`1q}8}BcGpn´jqZ }8 À
nÿ
j“0
M2pj`1q
2
ε
1
2 e´s
nÿ
j“1
}GpjqZ }8}Zpn`1´jqc }8 ÀM2j
2
M pn`1´jq
2
εe´
3
4
s,
where we have invoked the estimates on GZ and BcGZ from (6.2) and (6.8). Above we have also used the
elementary inequality
j2 ` 2pn` 1´ jq2 ď ´1` 2n2 for n ě 2 and 2 ď j ď n . (6.48)
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Lemma 6.11. The following estimates are valid
}BcFA}8 ď ε 12 e´ s2 , }F cA,0}8 ď ε
1
2 e´
s
2 , (6.49)
}BcF pnqA }8 ď ε
1
2 e´
s
2 , }F cA,n}8ÀM2n
2´1ε
1
2 e´
s
2 , (6.50)
for 1 ď n ď 7
Proof. We appeal to the expression (3.59) to estimate
}BcFA}8 À | 9τ |}FA}8 ` e´s
´
}e´ s4W ` κ}8 ` }Z}8
¯´
}e´ s4Wc ` κc}8 ` }Zc}8
¯
ÀM 12 ε 16 e´ 74s ` e´spM4ε 34 e 12 s ` ε 12 ` ε 12 q .
Above, we have invoked (5.21), (5.8), (5.9), (5.25), (5.24), (5.31) and finally (6.31) for the FA contribution.
Next, we appeal to the expression (3.58) to estimate
}F cA,0 ˝Φx0A }8 À}BcFA ˝ Φx0A }8 ` }Ap1q}8
´
| 9τc|}W }8 ` }Wc}8 ` }BcGA}8
¯
Àε 12 e´ s2 `M2e´ 54s
´
ε
1
2 e
s
4 `M4ε 34 e 34s ` ε 14 e s4
¯
,
where we have appealed to estimates (6.49), as well as bootstrap assumptions (5.10), (5.24), (5.8), (5.31),
and (6.9) for the BcGA contribution.
Next, we appeal to the expression of (3.61) to estimate
}BcF pnqA }8 À | 9τc|}F pnqA }8 ` e´s
nÿ
j“0
p}pe´ s4W pjq ` κqpjq}8 ` }Zpjq}8qˆ
p}pe´ s4Wc ` κcqpn´jq}8 ` }Zpn´jqc }8q
ÀM ε
1
2 e´s ` e´sp1` ε 12 ` ε 54 qpε 34 e s2 ` ε 12 e´ s2 q ÀM ε
3
4 e´
s
2 ,
where we have invoked estimates (5.24), (5.8), (5.7), (5.21) - (5.22), as well as (5.27).
The final estimate in (6.50) requires an estimate of the remaining terms in (3.60), which is identical to
that of Lemma 6.10.
6.2.3 ∇2a,b forcing estimates
Lemma 6.12. For 1 ď n ď 6, the following estimates are valid
}Bc1c2FW }8 ď ε
1
2 e
s
2 , }F c1,c2W,0 }8 ďM14ε
3
2 e
3
2
s , (6.51)
}Bc1c2F pnqW }8 À ε
1
2 e
s
2 , }F c1,c2W,n }8 ďM pn`5q
2´1ε
3
2 e
3
2
s . (6.52)
Proof of (6.51). For the computation of Bc1c2FW , we recall the definition of (3.72), and proceed to estimate
systematically
}βτ e´
3
4
sAc1c2pβ3Z ` β4pe´
s
4W ` κqq}8
À e´ 34 s}Ac1c2}8p}Z}8 ` }e´
s
4W ` κ}8q ÀM ε 58 e´ s2 pε 54 ` 1q ÀM ε 58 e´ s2 ,
and next
}βτe´
3
4
sAc1pβ3Zc2 ` β4pe´
s
4Wc2 ` κc2qq}8
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À e´ 34s}Ac}8p}Zc}8 ` e´
s
4 }Wc}8 ` |κc|q ÀM ε
1
2 e´
3
4
spε 12 ` ε 34 e s2 ` ε 14 q ÀM ε
3
4 e´
s
4 .
Above, we have invoked bootstrap assumptions (5.35) as well as (5.26) - (5.27), and (5.9) - (5.10).
The first term on the second line of (3.72) is estimated in an identical fashion, while the second term is
estimated via
}βτ e´ 34sApβ3Zc1c2 ` β4pe´
s
4Wc1c2 ` κc1c2qq}8
À e´ 34 s}A}8p}Zc1c2}8 ` e´
s
4 }Wc1c2}8 ` |κc1c2|q
ÀM εe´
3
4
spε 58 e s4 ` ε 32 e 54 s ` ε 54 esq ÀM εe
s
2 ,
where again we have invoked bootstrap assumptions (5.35) as well as (5.26) - (5.27), and (5.9) - (5.10).
Finally, the last line of (3.72) is estimated via
} 9τc2βτBc1FW ` 9τc1c2βτFW ` 9τc1βτBc2FW }8
À | 9τc|}BcFW }8 ` | 9τc1c2|}FW }8 ÀM ε
5
4 e´
s
4 ` ε 32 ÀM ε ,
where we have invoked the estimates (6.20) and (6.36).
Next, to estimate the remaining quantity in (6.51), we recall definition (3.69), according to which we
define the following two auxiliary quantities:
L1 :“ βτW p1qc2 Wc1 ´ β2τ 9τc2W p1qWc1 ´
´
β2τ 9τc2W ` βτWc2 ` Bc2GW
¯
W p1qc1
L2 :“ ´ 9τc1β2τWW p1qc2 ´ 9τc1c2β2τWW p1q ´ 2β2τ 9τc1 9τc2WW p1q ´ 9τc1β2τW p1qWc2 ,
so that we have the identity
F
c1,c2
W,0 “ Bc1c2FW ` L1 ` L2 ´Mc1,c2 ,
whereMc1,c2 has been defined in (3.70).
We first estimate L1 via
}L1}8 Àp1` | 9τc|q}W p1qc }8}Wc}8 ` | 9τc|}W }8}W p1qc }8 ` }BcGW η´ 1
20
}8}W p1qc η 1
20
}8
Àp1` ε 12 qM13ε 32 e 32 s ` ε 12M4ε 32 e 32 s `M12ε 4120 e 32s`M9ε 54 e 34 s
ÀM13ε 32 e 32s .
Note that for the estimation of the final term above, we have used crucially the spatial decay of W
p1q
c , as
guaranteed by the bootstrap assumption (5.32), and we have also applied estimate (6.7) with r “ 1
5
.
Next, we estimate L2 via
}L2}8 À | 9τc|}W }8}W p1qc }8 ` p| 9τc1c2| ` | 9τc|2q}Wη´ 1
20
}8}W p1qη 1
20
}8 ` | 9τc|}W p1q}8}Wc}8
ÀM ε 12 e s4 ` pεe 34s ` εq ` ε 54 e 34 s ÀM εe 34 s ,
where we invoke the bootstrap assumptions (5.5) - (5.6), (5.24) - (5.25), (5.32), and (5.38).
Next, we estimateMc1,c2 via
|Mc1,c2| À e´ 34s
´
| 9κc1c2| ` | 9κc|| 9τc| ` | 9κ|| 9τc1c2 | ` | 9κ|| 9τc|2
¯
ÀM e´
3
4
s
´
ε
5
4 es ` ε 34 ` ε 98 e 34s ` ε 58
¯
ÀM ε
5
8 e
s
4 ,
where we have invoked the bootstrap assumptions on the second (parameter) derivatives of the modulation
variables, (5.38) - (5.39).
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Proof of (6.52). We now move to the 1 ď n ď 6 estimates, for which we first recall the expression of
Bc1c2F pnqW from (3.73). The estimate of this is identical to the estimate of Bc1c2FW (the n “ 0 case above),
and so we omit it. We now proceed to estimate all of the remaining terms in (3.71).
}
nÿ
j“1
β2τ 9τciW
p1`jqW pn´jqci1 }8 À
nÿ
j“1
| 9τc|}W p1`jq}8}W pn´jqc }8 ÀM ε
5
4 e
3
4
s ,
}
nÿ
j“0
ˆ
n
j
˙
βτW
pjq
c1
W pn`1´jqc2 }8 À
nÿ
j“0
}W pjqc }8}W pn`1´jqc }8 À
nÿ
j“0
M pj`2q
2
M pn´j`3q
2
ε
3
2 e
3
2
s.
We have invoked the bootstrap assumptions (5.7) on derivatives of W , (5.24), as well as (5.32). We now
appeal to the elementary inequality
pj ` 1q2 ` pn´ j ` 3q2 ď pn` 5q2 ´ 1 for 0 ď j ď n, n ě 1 .
We continue with
}
nÿ
j“1
ˆ
n
j
˙
βτW
p1`jqW pn´jqc1c2 }8 À
nÿ
j“1
}W p1`jq}8}W pn´jqc1c2 }8 À
nÿ
j“1
M p1`jq
2
M pn´j`5q
2
ε
3
2 e
3
2
s ,
and again appeal to an elementary inequality
p1` jq2 ` pn´ j ` 5q2 ď ´1` pn` 5q2 for 1 ď j ď n, n ě 1 .
The fifth term on the right-hand side of (3.71) is formally the same as the second term, with the exception
of the j “ 0 case, which we estimate via
}β2τ 9τci1WW pn`1qci }8 ÀM ε
1
2 e
s
4 e
3
4
ps´s0q ÀM ε
5
4 es .
We now move to the term
}
nÿ
j“0
ˆ
n
j
˙
Bc2GpjqW W pn`1´jqc1 }8 À
nÿ
j“0
}Bc2GpjqW η´ 1
20
}8}W pn`1´jqc1 η 1
20
}8
ÀM ε
33
20 e
3
2
s ` ε 54 e 34s .
Above we have invoked (6.7) with r “ 1
5
.
We now move to the final three terms, which are easily estimated via
}
nÿ
j“1
G
pjq
W W
pn´j`1q
c1c2
}8 ÀM ε
3
2 e
s
2 ,
}
nÿ
j“0
β2τ p 9τc1c2 ` 2 9τc1 9τc2qW pjqW pn`1´jq}8 ÀM εe
3
4
s ` ε,
where we have invoked (5.7) for derivatives of W , (6.1) for j ě 1 for the GW contribution, and (5.24),
(5.38) for Bc and B2c of 9τ .
Lemma 6.13. For 1 ď n ď 6, the following estimates are valid
}Bc1c2FZ}8 ď εe
s
4 , }F c1,c2Z,0 }8 ď εe
1
4
s , (6.53)
}Bc1c2F pnqZ }8 ď εe
s
4 , }F c1,c2Z,n }8 ÀM2n
2´1ε
5
8 e
1
4
s . (6.54)
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Proof. First, we turn to the estimation of Bc1c2F pnqZ , for which we appeal to the expression given in (3.77)
and estimate term by term via
}βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjq
´
β3pe´
s
4Wc1c2 ` κc1c2qpn´jq ` β4Zpn´jqc1c2
¯
}8
À e´s
nÿ
j“0
}Apjq}8
´
}e´ s4Wc1c2 ` κc1c2qpn´jq}8 ` }Zpn´jqc1c2 }8
¯
ÀM εe´s
´
ε
3
2 e
5
4
s ` ε 54 es ` ε 58 e s4
¯
ÀM ε
5
4 e
s
4 .
Above, we have invoked estimates (5.10), (5.35), (5.37), and (5.39).
Next, the second term from (3.77) is estimated via
}βτe´s
nÿ
j“0
ˆ
n
j
˙
Apjqc1c2
´
β3pe´
s
4W ` κqpn´jq ` β4Zpn´jq
¯
}8
À e´s
nÿ
j“0
}Apjqc1c2}8
´
e´
s
4 }W pn´jq}8 ` |κ| ` }Zpn´jq}8
¯
ÀM ε
5
8 e´
3
4
sp1` ε 54 q ,
where we have invoked (5.7), (5.8), (5.9) (5.22), and (5.36).
Next, the third term from (3.77) is estimated via
}βτe´s
nÿ
j“0
ÿ
iPt1,2u
ˆ
n
j
˙
Apjqci
´
β3pe´ s4Wci1 ` κci1 qpn´jq ` β4Zpn´jqci1
¯
}8
À e´s
nÿ
j“0
}Apjqc }8
´
e´
s
4 }W pn´jqc }8 ` |κc| ` }Zpn´jqc }8
¯
ÀM ε
1
2 e´s
´
ε
3
4 e
s
2 ` ε 14 ` ε 12
¯
ÀM εe´
s
2 ,
where we have invoked (5.25), (5.26) - (5.27), and (5.32)
We now move to the final terms from (3.77) which evaluate to
} 9τc1βτBc2F pnqZ ` 9τc2βτBc1F pnqZ ` 9τc1c2βτF pnqZ }8
À | 9τc||BcF pnqZ | ` | 9τc1c2|}F pnqZ }8 À ε
5
4 e´
s
2 ` ε2e´ s4 ,
where we have invoked the estimates (6.45) - (6.46), as well as estimates (6.27) and (6.29).
We now turn to equation (3.75) for the form of F
c1,c2
Z,n . We will estimate term by term, starting with
}1ně2
nÿ
j“2
ˆ
n
j
˙
βτβ2W
pjqZpn´j`1qc1c2 }8 À 1ně2M j
2
M2pn´j`1q
2
ε
5
8 e
s
4 ÀM´1`2n2ε 58 e s4 ,
}1ně1
nÿ
j“1
ˆ
n
j
˙
G
pjq
Z Z
pn´j`1q
c1c2
}8 ÀM ε
5
8 e´
3
4
s ,
where for the first estimate above we have invoked the elementary inequality (6.48), and for the second
estimate we have invoked (6.2).
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Next, we continue by estimating
}
nÿ
j“0
ÿ
iPt1,2u
ˆ
n
j
˙
Zpj`1qci
´
9τci1β
2
τβ2W
pn´jq ` βτβ2W pn´jqci1 ` Bci1G
pn´jq
Z
¯
}8
À
nÿ
j“0
}Zpj`1qc }8
´
| 9τc|}W pn´jq}8 ` }W pn´jqc }8 ` }BcGpn´jqZ }8
¯
ÀM ε
1
2 e´
s
2
´
ε
1
2 e
s
4 ` ε 34 e 34 ` ε 14 e s4
¯
ÀM ε
5
4 e
s
4 ,
where we have invoked the bootstrap assumptions (5.7), (5.24), (5.26) - (5.27), (5.32), as well as (6.8) on
the BcGZ term.
We return to (3.75), and address the third and fourth lines by estimating
}
nÿ
j“0
ˆ
n
j
˙
Zpj`1q
´
9τc1c2β
2
τβ2W
pn´jq ` 2 9τc1 9τc2β2τβ2W pn´jq ` βτβ2W pn´jqc1c2
`
ÿ
iPt1,2u
9τciβ
2
τβ2W
pn´jq
ci1
` Bc1c2Gpn´jqZ
¯
}8
À
nÿ
j“0
}Zpj`1q}8
´
| 9τc1c2|}W pn´jq}8 ` | 9τc|2}W pn´jq}8 ` }W pn´jqc1c2 }8
` | 9τc|}W pn´jqc }8 ` }Bc1c2Gpn´jqZ }8
¯
ÀM e´
5
4
s
´
εes ` εe s4 ` ε 32 e 32s ` ε 54 e 34 s ` ε 54 e 54s
¯
ÀM ε
5
4 e
s
4 .
Above, we have invoked (5.7), (5.9), (5.24), (5.32), (5.37), (5.38), as well as (6.15) for the Bc1c2GZ contri-
bution.
This concludes the treatment of the terms from (3.75) and hence the proof of the lemma.
Lemma 6.14. For 1 ď n ď 6, the following estimates are valid
}Bc1c2FA}8 ď εe
s
4 , }F c1,c2A,0 }8 ď εe
1
4
s , (6.55)
}Bc1c2F pnqA }8 ď εe
s
4 , }F c1,c2A,n }8 ÀM2n
2´1ε
5
8 e
1
4
s . (6.56)
Proof. First, we use expression (3.80) to produce the estimates
}βτβ1e´s
´
e´
s
4Wc2 ` κc2 ` Zc2
¯´
e´
s
4Wc1 ` κc1 ` Zc1
¯
}8 ď ε 32 e s4 ,
}βτβ1e´s
´
e´
s
4W ` κ` Z
¯´
e´
s
4Wc1c2 ` κc1c2 ` Zc1c2
¯
}8 ď ε
5
4 e
s
4 ,
where we have invoked estimates (5.8), (5.25), (5.26), (5.31), (5.35), (5.37), and (5.38).
For the last line from expression (3.80), we have
} 9τc1c2βτFA ` 9τc2βτBc1FA ` 9τc1βτBc2FA} À | 9τc1c2|}FA}8 ` | 9τc|}BcFA}8 ÀMεe´
s
4 ` εe´ s2 ,
where we have invoked the forcing estimates (6.33) and (6.50). This contribution is clearly bounded by
ε
3
4 e´
s
4 by bringing ε small relative toM .
Next, we move to the second estimate in (6.55), for which we appeal to the expression (3.78). However,
these estimates are exactly analogous to those of Lemma 6.13, estimate (6.53), and so we omit repeating
these estimates. The estimates for general n, (6.56) also follow analogously to Lemma 6.13.
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6.3 Trajectory estimates
In this subsection, we provide estimates on the trajectories associated with the transport structure of the
equations (3.17) - (3.19). We now define these trajectories via
BsΦx0W psq “ VW ˝ Φx0W , Φx0W ps0q “ x0 ,
BsΦx0Z psq “ VZ ˝ Φx0Z , Φx0Z ps0q “ x0 ,
BsΦx0A psq “ VA ˝Φx0A , Φx0A ps0q “ x0 .
Lemma 6.15. Let Φpsq denote either Φx0W , Φx0Z psq or Φx0A , then for |x0| ď M2 ε´
1
4 we have
|Φx0psq| ď 2M
3
e
5
4
s . (6.57)
As a consequence we obtain
suppW psq Y suppZpsq Y suppApsq Ă B
ˆ
3
4
Mεe
5
4
s
˙
, (6.58)
which verifies the bootstrap assumption (5.4)
Proof. We restrict to the case Φ “ Φx0W . The cases Φ “ Φx0Z and Φ “ Φx0A will follow in an analogous
fashion. Recall that for Φ “ Φx0W we have
BsΦ “ 5
4
Φ` βτW ˝Φ`GW ˝ Φ .
As a consequence of (5.4), (5.5) and (6.1), we have
}W }8 ` }GW }8 ÀM
1
5 ε
1
5 e
s
4 ` e s4 À e s4 . (6.59)
Thus by Gro¨nwall we obtain we obtain (6.57).
The support bound (6.58) follows directly from (4.7), the defining equations (3.17)-(3.19), together with
(6.57).
Lemma 6.16. Let Φpsq denote either Φx0Z psq or Φx0A , then for |x0| ď M2 ε´
1
4 we have
|Φx0psq| ě minpe s4 , e s4 ´ e s˚4 q for some s˚ ě s0 . (6.60)
Proof. We first show that if Φpsq ď e s4 , then we have the inequality
B
BsΦpsq ď ´e
s
4 . (6.61)
For notational purposes, we set pj,GZq “ p2, GZq or pj,GZq “ p1, GAq for the cases Φpsq “ Φx0Z psq or
Φpsq “ Φx0A , respectively. We then have the ODE
BsΦ “5
4
Φ` βτβjW ˝ Φ`G ˝ Φ .
Note that since α ą 1, then |βj | ă 1. Assuming ε to be sufficiently small (dependent on α), then applying
(5.23) yields βτβj ď 1. Then if Φpsq ď e s4 , we have from (5.5), (6.2) and (6.3)
B
BsΦpsq ď
5
4
e
s
4 ` 2η 1
20
˝Φpsq ´ p1´ βjqκ0e s4 ` ε 12 e s4
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ď 5
4
e
s
4 ´ p1´ βjqκ0e
s
4 ` ε 12 e s4 ,
where we used (6.60). Since p1´βjq ą 0, then assuming κ0 is sufficiently large, dependent of α, we obtain
(6.61).
We now split the proof of (6.60) into two subcases:
1. Either Φpsq ą e s4 for all s P rs0,8q, or x0 ď 0.
2. We have x0 ą 0 and there exists a smallest s1 P rs0,8q such that 0 ă Φps1q ď e
s1
4 .
Consider first Case 1. Note that Φ1psq ą e s4 directly implies (6.60). If x0 ď 0, then (6.61) implies that
Φpsq ď ´e s4 ` ε´ 14 and hence (6.60) is satisfied for s˚ “ ´ log ε.
Now consider Case 2. The estimate (6.61) implies that d
ds
Φpsq ď ´e s4 for all s ě s0. Thus by continuity,
there exists a unique s˚ ą s0 such that Φps˚q “ 0. By continuity, there exists s˚ ą s1 such that Φps˚q “ 0.
Then as a consequence of (6.60), by following trajectories forwards and backwards in time from s˚ we
conclude that
|Φpsq| ě
ˇˇˇ
e
s
4 ´ e s˚4
ˇˇˇ
,
for all s P rs1,8q. For the case s1 ‰ s0, then if s P rs0, s1q we have by definition that |Φpsq| ě e s4 . Thus
we have (6.61).
Lemma 6.17. For any |x0| ě ℓ and s0 ě ´ log ε we have
Φx0W ě |x0|ε
1
5 e
s
5 . (6.62)
Proof. UsingW p0, sq “ 0, (5.23), (5.20), (5.21) and (6.1) we obtain
VWx “ 5
4
x2 ` xβτW `GWx
ě x2
ˆ
5
4
´ βτ
›››W p1q›››
8
´
ˇˇˇ
G
p1q
W
ˇˇˇ˙
´ |µ|
ě x2
ˆ
1
4
´ 2e´ 34s
˙
´ ε 16 e´ 34s ě 1
5
,
where inequality we used that |x| ě ℓ ě ε 14 and s0 is taken to be sufficiently large.
Thus we obtain
d
ds
`
Φx0W
˘2 “ 2VW pΦx0W qΦx0W ě 2pΦx0W q25 . (6.63)
and hence (6.62) follows by Gro¨nwall.
7 Analysis of modulation variables
In this section we close all bootstraps related to the modulation variables κ, ξ and τ , together with the
quantity µ.
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7.1 Modulation variables and their time derivatives
The following lemma verifies the bootstraps (5.22).
Lemma 7.1. The following estimates are valid
|κ´ κ0| À ε
9
8 , | 9ξ ´ κ0| À ε . (7.1)
Proof. We integrate
|κptq ´ κ0| ď
ż t
1´ε
| 9κ|dt1 À ε 98 ,
where we have invoked (5.21).
For 9ξ, we rearrange (3.23) to obtain
βτ 9ξ “ βτκ´ e´
s
4µ` βτβ2Zp0, sq .
Estimating the right-hand side and using that βτ ě 12 on the left-hand side yields
| 9ξ ´ κ0| À |κ´ κ0| ` e´ s4 |µ| ` }Z}8 À ε 98 ` ε 16 e´s ` ε 54 ,
where we have invoked the bootstrap bounds (5.21) and (5.9).
The following lemma verifies the bootstraps on 9τ , the second estimate of (5.21).
Lemma 7.2 ( 9τ Estimate). The following estimates are valid,
| 9τ | ÀM2e´s .
Proof. We rearrange the first ODE equation, (3.45), to obtain the following estimate
| 9τ | ď|p1 ´ 9τq||Gp1qW ps, 0q| ´ |p1´ 9τq||µ||W p2qps, 0q| ` |p1 ´ 9τq||F p1qW ps, 0q|
ÀM2e´s ` ε 415 e´ 32s ` ε 34 e´s ,
where we have invoked the second estimate in (6.1), the bootstrap bounds (5.21), (5.17), and the second
estimate in (6.20) to estimate the forcing.
The following verifies the bootstraps on µ, the first estimate on (5.21).
Lemma 7.3 (µ Estimate). The following estimates are valid,
|µ| ÀM e´s.
Proof. We rearrange (3.49) for µpsq, yielding
qp5qµpsq “ ´ 10βτ qp2qqp3q ´
4ÿ
j“2
ˆ
4
j
˙
G
pjq
W p0, sqqp5´jq ` F p4qW ps, 0q . (7.2)
We use the bootstrap that |qp5qpsq| ě 1
2
, (5.19), to estimate from below the denominators. We then estimate
the right-hand side via
|µ| À |qp2q||qp3q| `
3ÿ
j“2
ˆ
4
j
˙
|GpjqW p0, sq||qp5´jq| ` |Gp4qW p0, sq| ` |F p4qW p0, sq|
ÀM e´ 32 s ` e´ 74s ` e´s ` ε 34 e´s ÀM e´s ,
where we have invoked (6.1) with j “ 4, and (6.20) for the F p4qW term, as well as the decay bootsraps (5.17)
on qp2q, qp3q.
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The following lemma verifies the bootstrap (5.21) on 9κ.
Lemma 7.4 ( 9κ Estimate). The following estimates are valid,
| 9κ| ď ε
1
8
2
.
Proof. We rearrange equation (3.45) to obtain
| 9κ| ď|p1´ 9τq|e 34s|µ| ` |p1´ 9τq|e 34 s|FW p0, sq| ď 2ε
1
6 ` ε 34 ďMε 16 ,
where we have invoked bootstrap (5.21) for the µ estimate, and (6.20) for the estimate on FW .
7.2 ∇α,β derivatives of modulation variables
The following lemma verifies the bootstraps in (5.25).
Lemma 7.5. Let c P tα, βu. Then the following estimates are valid
|κc| À ε
3
4 , | 9ξc| ď M
2
ε
1
2 . (7.3)
Proof. First, we have for every ´ε ď t ď 0,
|Bcκptq| “ |
ż t
´ε
Bc 9κpt1qdt1| ď
ż t
´ε
ε
1
4 e
1
2
spt1q dt1 ď
ż 8
s0
ε
1
4 e
1
2
s1e´s
1
ds1 À ε 34 ,
where we have used that ds “ e´s dt, and the bootstrap assumption on 9κc in (5.24).
We now compute Bc of equation (3.23) to obtain the identity
µc “ 9τcβτµ´ e s4 9ξcβτ ` e s4κcβτ ` βτβ2e s4Zcps, 0q , (7.4)
which upon rearranging for 9ξc, we obtain
| 9ξc| À e´ s4 |µc| ` e´ s4 | 9τc||µ| ` |κc| ` }Zc}8 ÀM33ε 12 e´ s2 ` ε 23 e´s ` ε 12 ` ε 12 ď M
2
ε
1
2 ,
where above we have invoked the bootstrap assumptions (5.24) for Bc of the modulation variables, and (5.26)
for BcZ .
The following verifies the first bootstrap in (5.24).
Lemma 7.6. Let c P tα, βu. Then the following estimates are valid
|µc| ď M
33
2
ε
1
2 e´
s
4 .
Proof. We take Bc of equation (7.2) which produces the identity
qp5qµc “´ qp5qc µ´ 10 9τcβ2τ qp2qqp3q ´ 10βτ pqp2qc qp3q ` qp2qqp3qc q
´
4ÿ
j“2
ˆ
4
j
˙
pGpjqW p0, sqqp5´jqc ` BcGpjqW p0, sqqp5´jqq ` BcF p4qW p0, sq , (7.5)
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where we recall that qpjqpsq :“ W pjqp0, sq, according to (3.44). We now estimate each of the terms on the
right-hand side above.
|µc| À |qp5qc ||µ| ` | 9τc||qp2q||qp3q| ` |qp2qc ||qp3q| ` |qp2q||qp3qc |
`
4ÿ
j“2
p|GpjqW ps, 0q|}qp5´jqc }8 ` }BcGpjqW }8|qp5´jq|q ` }BcF p4qW }8
À ε 1324 e´ 58s ` ε 12 e´ 32s `M40ε 34 e´ s4 ` ε 35 e´ s4 `M18ε 34 e´ 14s `M32ε 12 e´ s4 ` ε 34 e´ s4 ÀM32ε 12 e´ s4 ,
where we have invoked estimates (6.1), (6.7) for the G
pjq
W contributions, and (6.37) for the forcing term,
(5.21) and (5.24) to estimate µ and 9τc, as well as the estimates (5.17), (5.28), (5.29), (5.30) to bound the
terms involving q. We have also invoked bootstrap (5.32).
The following verifies the second bootstrap in (5.24).
Lemma 7.7. Let c P tα, βu. Then the following estimates are valid
| 9τc| ď 1
2
ε
1
2 .
Proof. We take Bc of equation (3.46) to obtain
βτ p1` βτ 9τq 9τc “ BcGp1qW p0, sq ´ µcqp2q ´ µqp2qc ` BcF p1qW p0, sq . (7.6)
We now estimate the right-hand side above via
|(7.6)| À}BcGp1qW }8 ` |µc||qp2q| ` |µ||qp2qc | ` }BcF p1qW }8
ÀM2j2ε 12 e´ s4 `M33ε 35 e´s ` ε 1112 ` ε 34 e´ s4 ÀM ε
3
4 ,
where above, we have invoked estimate (6.8) for the BcGp1qW contribution, bootstraps (5.21), (5.24) for the
µ, µc estimates respectively, bootstraps (5.17), (5.28) for the q
p2q, q
p2q
c contributions respectively, and finally
(6.37) for the BcF p1qW estimate.
Finally, to conclude, we estimate the prefactor on the left-hand side of (7.6) from below
βτ p1` βτ 9τq ě 7
8
p1´ βτ | 9τ |q ě 3
4
.
The following verifies the third bootstrap in (5.24).
Lemma 7.8. Let c P tα, βu. Then the following estimates are valid
| 9κc| ă 1
2
ε
1
4 e
s
2 .
Proof. We compute Bc of equation (3.45) to obtain the identity
βτ 9κc “ e
3
4
sµc ´ 9κβ2τ 9τc ` e
3
4
sBcFW p0, sq , (7.7)
upon which estimating yields
| 9κc| Àe
3
4
s|µc| ` | 9κ|| 9τc| ` e
3
4
s}BcFW }8 ÀM33e
1
2
sε
1
2 ` ε 58 `Mε 34 e s2 ÀM ε
1
2 e
s
2 ,
where we have invoked the bootstraps on the modulation variables, (5.21), (5.24), as well as the forcing
estimate (6.36).
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7.3 ∇2α,β derivatives of modulation variables
The following verifies the bootstraps in (5.39).
Lemma 7.9. Let ci P tα, βu for i “ 1, 2. Then the following estimates are valid
|κc1c2| ďM
5
2 ε
5
4 es, | 9ξc1c2| ďM
7
2 ε
5
4 es.
Proof. We have to integrate
|κc1c2| “ |
ż t
1´ε
9κc1c2| À
ż s
s0
M2ε
5
4 e2s
1
e´s
1
ds1 “M2ε 54 pes ´ es0q,
where above we have invoked the bootstrap assumption (5.38) on 9κc1c2 .
Next, we want to obtain an expression for 9ξc1c2 . For this, we differentiate the expression (3.23) which
produces the identity
µc1c2 “ βτ 9τc2µc1 ` βτ 9τc1µc2 ` 9τc1c2βτµ´ e
s
4βτ 9ξc1c2 ` e
s
4βτκc1c2 ` βτβ2e
s
4Zc1c2ps, 0q,
which rearranging for 9ξc1c2 gives
| 9ξc1c2 | Àe´
s
4 p|µc1c2| ` | 9τc||µc| ` | 9τc1c2||µ|q ` |κc1c2| ` }Zc1c2}8
Àe´ s4 pMε 54 e 54 s `M33εe´ s4 ` ε 76 q `M3ε 54 es `M2j2ε 58 e s4
ÀM3ε 54 es ,
where above we have invoked (5.38) - (5.39) for the second derivatives of the modulation variables, (5.24)
for the 9τc term, (5.21) for the µ term, and (5.35) for the Zc1c2 contribution.
The following verifies the bootstraps in (5.38) on µ.
Lemma 7.10. Let ci P tα, βu for i “ 1, 2. Then the following estimates are valid
|µc1c2| ď
M
2
ε
5
4 e
5
4
s.
Proof. We differentiate equation (7.5) in Bc2 to get
qp5qµc1c2 “´ qp5qc2 µc1 ´ qp5qc1c2µ´ 10p 9τc1c2 ` 2 9τc1 9τc2qβ2τ qp2qqp3q ´ 10β2τ 9τci1 pqp2qci qp3q ` qp2qqp3qci q (7.8)
´ 10βτ pqp3qci qp2qci1 ` q
p2q
c1c2
qp3q ` qp2qqp3qc1c2q ´
4ÿ
j“2
ˆ
4
j
˙
pBc2GpjqW ps, 0qqp5´jqc1 (7.9)
`GpjqW ps, 0qqp5´jqc1c2 ` Bc1G
pjq
W ps, 0qqp5´jqc2 ` Bc1c2G
p5´jq
W ps, 0qqp5´jqq ` Bc1c2F p4qW ps, 0q .
(7.10)
We now estimate all of the terms above, line by line, starting with
|(7.8)| À }W p5qc }8|µc| ` }W p5qc1c2}8|µ| ` p| 9τc1c2 | ` | 9τc|2q|qp2q||qp3q| ` | 9τc|p|qp2qc ||qp3q| ` |qp2q||qp3qc |q
ÀM ε
5
4 e
s
2 ` ε 53 e 34s ` pεe 34s ` εqε 110 e´ 74 s ` ε 12 pε 34 e´ s4 ` ε 35 e´ s4 q ÀM ε
5
4 e
3
4
s .
Above, we have invoked (5.32), (5.37) for the W
p5q
c ,W
p5q
c1c2 contributions, respectively, (5.21), (5.24) and
(5.38) for the estimates on the modulation variable, (5.17) for the decay estimates on qp2q, qp3q, and finally
(5.28) and (5.29) for q
p2q
c , q
p3q
c estimates.
45
Buckmaster, Iyer Construction of Unstable Shocks
Next, we bound the terms in (7.10)
|(7.10)| À|qp3qc ||qp2qc | ` |qp3q||qp2qc1c2| ` |qp2q||qp3qc1c2 | `
4ÿ
j“2
|BcGpjqW ps, 0q|}W p5´jqc }8
Àε 54 e 54 s ` ε 32 e s2 ` ε 85 e 34 s `M18ε 54 e´ s2 À ε 54 e 54s ,
where above we have invoked estimate (6.7) for the transport term, as well as the bootstraps (5.17), (5.28),
(5.29), (5.37) for the qp2q, qp3q quantities (and their derivatives in c).
Lastly, we estimate the terms in (7.10)
}(7.10)}8 À
4ÿ
j“2
p}GpjqW }8}qp5´jqc1c2 }8 ` }BcG
pjq
W }8}W p5´jqc }8 ` }Bc1c2GpjqW }8q ` }Bc1c2F p4qW }8
ÀM ε
3
2 e
s
2 ` ε 54 e s2 ` ε 58 e s2 ` εe s2 ,
where we have invoked estimates (6.1), (6.7), (6.13), and (6.52).
The following verifies the bootstraps (5.38) on 9τc1c2 .
Lemma 7.11. Let ci P tα, βu for i “ 1, 2. Then the following estimates are valid
| 9τc1c2| ď
1
2
εe
3
4
s.
Proof. We take Bc2 of equation (7.6) to obtain the identity
βτ p1` βτ 9τq 9τc1c2 “´ β2τ p1` βτ 9τq 9τc1 9τc2 ´ β3τ 9τ 9τc2 9τc1 ´ β2τ 9τc2 9τc1 ´ Bc1c2Gp1qW p0, sq
´ µc1c2qp2q ´ µciqp2qci1 ´ µq
p2q
c1c2
` Bc1c2F p1qW p0, sq . (7.11)
We now estimate each of the terms on the right-hand side above via
| 9τc1c2| À | 9τc|2 ` p| 9τ | ` 1q| 9τc|2 ` }Bc1c2Gp1qW }8 ` |qp2q||µc1c2| ` |µc||qp2qc |
` |µ|}W p2qc1c2}8 ` }Bc1c2F
p1q
W }8
ÀM ε` ε
5
8 e
s
2 ` ε 54 e s2 ` ε 54 e s2 ` ε 54 e 34s ` εe s2 ,
where we have invoked estimates (6.13) for the G
p1q
W term above and (6.52) for the F
p1q
W term. We have also
invoked (5.24), (5.38) - (5.39) for the modulation variables, and (5.37).
The following verifies the bootstraps on 9κc1c2 , the second estimate in (5.38).
Lemma 7.12. Let ci P tα, βu for i “ 1, 2. Then the following estimates are valid
| 9κc1c2| ď
M2
2
ε
5
4 e2s .
Proof. We compute Bc2 of equation (7.7) to get to
|βτ 9κc1c2| “| ´ β2τ 9τci 9κci1 ` e
3
4
sµc1c2 ´ 2 9κβ2τ 9τc1 9τc2 ` e
3
4
sBc1c2FW p0, sq|
Àε 34 e s2 `Mε 54 e2s ` ε 54 e s2 ` ε 12 e 54s ÀMε 54 e2s ,
where we have invoked estimates (5.24) for the first derivative of the modulation variables in c, (5.38) for
the µc1c2 term, and estimate (6.51) for the Bc1c2FW term.
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8 Analysis of Z and A
For this section, we consider the equations for Z and A given by (3.9) and (3.10). We begin with the lowest
order estimate, for which there is no damping, in which we verify the first bootstrap assumption in (5.9).
Lemma 8.1. The quantities pZ,Aq satisfy the following bounds
}Z}8 ď 3
4
ε
5
4 , }Zpnq}8 ď M
2n2
2
e´
5
4
s for 1 ď n ď 8 , (8.1)
}A}8 ď 3
4
Mε , }Apnq}8 ď M
2n2
2
e´
5
4
s for 1 ď n ď 8 , (8.2)
which thereby verifies the bootstraps (5.9) and (5.10).
Proof. An application of the Gro¨nwall lemma coupled with estimate (6.27) yields the estimate
}ZpΦZps, xq, sq}8 ď}Zpx, s0q}8 `
ż s
s0
}FZpΦZps1, xq, s1q}8ds1
ď1
2
ε
5
4 `
ż s
s0
ε
3
4 e´s
1
ds1 ď 3
4
ε
5
4 ,
which establishes the desired bound upon invoking that ΦZp¨, xq is a diffeomorphism for all s ě s0.
According to (3.34), we calculate
e
´
şs
s0
´
5n
4
`nβτβ2W p1q
¯
˝ΦZ ds
1
“e´ 5n4 ps´s0qe´
şs
s0
nβτβ2W
p1q˝ΦZ
ďe´nβτβ2
şs
s0
η
´ 1
5
˝ΦZ
e´
5n
4
ps´s0q
ďCne´
5n
4
ps´s0q .
Using this estimate, coupled with (6.30), the Gro¨nwall lemma, we estimate for n ě 2,
|ZpnqpΦZpx, sq, sq| ďCn|e´
10
4
ps´s0qZpnqps0, xq| ` Cn
ż s
s0
|e´ 104 ps´s1qFZ,n ˝ ΦZ |ds1
ďCnε
5
4 e´
5
4
ps´s0q `Cn
ż s
s0
e´
10
4
ps´s1qM2n´1e´
5
4
s1 ds1
ďM
2n
2
e´
5
4
s .
We now perform a similar calculation for n “ 1, using estimate (6.28) in place of (6.30). For the A
estimates, the identical arguments apply using Lemma 6.7.
Lemma 8.2. For 1 ď n ď 7, we have the following estimates on Z and A
}BcZ}8 ď 1
2
ε
1
2 , }BcZpnq}8 ď 1
2
M2k
2
ε
1
2 e´
s
2 ,
}BcA}8 ď 1
2
ε
1
2 , }BcApnq}8 ď 1
2
M2k
2
ε
1
2 e´
s
2 ,
which thereby verifies the bootstraps (5.26) - (5.27).
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Proof. This follows immediately from Gro¨nwall, upon invoking the two right-most estimates in (6.45) -
(6.46) for Z , and similarly (6.49) - (6.50) for A.
Lemma 8.3. For 0 ď n ď 6,
}Bc1c2Zpnq}8 ď
1
2
M2n
2
ε
5
8 e
s
4 , }Bc1c2Apnq}8 ď
1
2
M2n
2
ε
5
8 e
s
4 ,
which therefore verifies the bootstrap assumptions (5.35) - (5.36).
Proof. This follows immediately from Gro¨nwall, upon invoking the two right-most estimates in (6.53) -
(6.54) for Z , and similarly (6.55) - (6.56) for A.
9 Analysis ofW at x “ 0
In this section, we analyzeW and higher order derivatives ofW at x “ 0. While qp0qpsq, qp1qpsq, qp4qpsq are
constrained from (3.3), the quantities qp2q, qp3q and qp5q are not constrained and therefore must be determined
through ODEs in s that they obey.
9.1 ODE analysis of qp2q, qp3q
In this series of estimates, we use the crucial inductive assumption, (4.9), in order to integrate backwards
the flow. First, we rewrite the ODEs in the following way:
pBs ´ 3
4
qqp2q “F p2qpsq, pBs ´ 1
2
qqp3q “ F p3qpsq . (9.1)
where
F
p2q :“ 3pβτ ´ 1qqp2q ´ µqp3q ´ 2Gp1qW p0, sqqp2q ´Gp2qW p0, sq ` F p2qW p0, sq , (9.2)
F
p3q :“ 4pβτ ´ 1qqp3q ´ 3Gp1qW p0, sqqp3q ´ 3βτ |qp2q|2 ´ 3Gp2qW p0, sqqp2q ´Gp3qW p0, sq ` F p3qW p0, sq . (9.3)
and we recall the notation qpnq “W pnqp0q specified in (3.44).
We first prove lemmas for the particular quantities W
p2q
αN ,βN
p0, sq andW p3qαN ,βN p0, sq.
Lemma 9.1. Assume that W
p2q
αN ,βN
p0, sN q “ 0 and W p3qαN ,βN p0, sN q “ 0. Then, for all s0 ď s ď sN`1, the
following estimates hold:
|F p2q| ÀM8e´s, |F p3q| ďM18e´s, s0 ď s ď sN`1 , (9.4)
and in particular, this implies that
|W p2qαN ,βN p0, sq| ď
M9
2
e´s, |W p3qαN ,βN p0, sq| ď
M19
2
e´s, s0 ď s ď sN`1 . (9.5)
Proof. The decay estimates (9.5) follow upon writing the Duhamel formula associated to the evolution of
(3.47), and crucially using the vanishing at sN :
W
p2q
αN ,βN
p0, sq “
ż s
sN
e
3
4
ps´s1q
F
p2qps1qds1, W p3qαN ,βN p0, sq “
ż s
sN
e
1
2
ps´s1q
F
p3qps1qds1 . (9.6)
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We will thus focus on proving estimates (9.4), starting with
|F p2q| À|βτ ´ 1||qp2q| ` |µ||qp3q| ` }Gp1qW }8|qp2q| ` }Gp2qW }8 ` }F p2qW }8
Àε 415 e´ 32 s `M40ε 16 e´ 74 s `M2ε 110 e´ 74s `M8e´s ` ε 34 e´s ÀM8e´s,
where above we have used estimates (6.1) for the transport terms GW , and the estimates (6.20) for the F
p2q
W
term. We have also invoked (5.17), (5.21), and (5.23).
We now move to
|F p3q| À|βτ ´ 1||qp3q| ` }Gp1qW }8|qp3q| ` |qp2q|2 ` }Gp2qW }8|qp2q| ` }Gp3qW }8 ` }F p3qW }8
ÀM40ε 16 e´ 74s `M42e´2s ` ε 15 e´ 32 s `M8ε 110 e´ 74s `M18e´s ` ε 34 e´s
ÀM18e´s,
where we have invoked estimates (5.17) for the qp2q, qp3q quantities, (5.23) for the |βτ ´ 1| estimate, (6.1)
for the estimate of G
p1q
W , G
p2q
W , G
p3q
W , and (6.20) for the forcing estimate.
To establish (9.5), we appeal to (9.6) (which holds for all values of s)
|W p2qαN ,βN p0, sq| À
ż s
sN
e
3
4
ps´s1qM8e´s
1
ds1 ÀM8e 34s
´
e´
7
4
s ` e´ 74 sN
¯
ÀM8e´s,
for all s0 ď s ď sN`1, where we have used that sN`1 ´ sN “ 1 to estimate esN`1e´sN ď e.
A similar argument applies toW
p3q
αN ,βN
ps, 0q.
We now verify the bootstrap assumptions (5.17), which apply to every pα, βq P BN pαN , βN q.
Lemma 9.2. The following estimates are valid uniformly in the parameter set BN given by (5.2)
|W p2qp0, sq| ď 1
2
ε
1
10 e´
3
4
s, |W p3qp0, sq| ď M
40
2
e´s ,
Proof. We use the fundamental theorem of calculus in the space of parameters via
|W p2qα,βp0, sq| ď|W p2qαN ,βN p0, sq| ` |α´ αN | sup
αPBN
|BαW p2qp0, sq| ` |β ´ βN | sup
βPBN
|BβW p2qp0, sq|
ďM9e´s `
´
M30e´sN e´
3
4
psN´s0q ` ε 15 e´sN e´ 12 psN´s0q
¯
4e
3
4
ps´s0q
`M30e´sN e´ 12 psN´s0qε 14 e 34 ps´s0q
ď1
2
ε
1
10 e´
3
4
s ,
where above we have used that sN`1´sN “ 1, coupled with the particular estimates (9.5), the two left-most
bootstrap bounds in (5.28) - (5.29), and the assumed size of the parameter rectangle in (5.2).
Similarly, for the quantity W
p3q
α,β , we have
|W p3qα,βp0, sq| ď|W p3qαN ,βN p0, sq| ` |α´ αN | sup
αPBN
|BαW p3qp0, sq| ` |β ´ βN | sup
βPBN
|BβW p3qp0, sq|
ďM19e´s `
´
M30e´sN e´
3
4
psN´s0q ` ε 15 e´sN e´ 12 psN´s0q
¯
ε
1
2 e
1
2
ps´s0q
`M30e´sN e´ 12 psN´s0q4e 12 ps´s0q
ďM
40
2
e´s .
Again, we have invoked the particular bound (9.5), the two right-most estimates in (5.28) - (5.29), as well
as the size of the parameter rectangle in (5.2).
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Finally, we are left at estimating W p5qp0, sq, and in particular to verify the bootstrap assumption (5.18).
As a result, we write the ODE evolution for this quantity, equation (3.50), as
Bsrqp5q “ F p5q , (9.7)
where
F
p5q :“ ´µqp6q ` p1´ βτ qqp5q ´ 10|qp3q|2 ´
5ÿ
j“1
ˆ
5
j
˙
G
pjq
W p0, sqqp6´jq ` F p5qW p0, sq . (9.8)
We now verify the bootstrap assumptions (5.18).
Lemma 9.3. The following estimate is valid for the quantity rqp5qpsqˇˇˇrqp5q ˇˇˇ À ε 78 . (9.9)
Proof. We use (9.7) to integrate
rqp5qpsq “ rqp5qps0q ` ż s
s0
F
p5qps1qds1 , (9.10)
and we estimate the F p5q term on the right-hand side via
|F p5q| Àε 1130 e´ 34s1 ` ε 18 e´ 34 s1 ` 10M36e´2s1 ` e´ 910 s1 ` ε 34 e´s1 À ε 18 e´ 34 s1. (9.11)
Above, we have used the bootstraps (5.21) on µ, invoked estimate (6.20) to control the forcing term, (6.1) to
control the transport terms, G
pjq
W , (5.23) to estimate the 1´ βτ term, estimates (5.17) for the qp2q, qp3q terms,
and finally (5.14) for the qp6q term, coupled with the fact thatW
p6qp0q “ 0 so qp6q “ rqp6q.
Next, we estimate the initial data via appealing to the specific form of (4.1) and also the parameter
bootstraps, (5.3)
|rqp5qps0q| “ |xW p5q0 p0q ` αB5xpx2χp|x|qqp0q ` βB5xpx3χp|x|qqp0q| À |α| ` |β| ÀM ε .
9.2 ODE analysis of∇α,βq
pnq for n “ 2, 3, 5
We start with the two formulas, which importantly, are valid for all values of the parameters pα, βq P Bn:
qp2qpsq “W p2qp0, sq “ e 34 ps´s0qα`
ż s
s0
e
3
4
ps´s1q
F
p2qps1qds1 , (9.12)
qp3qpsq “W p3qp0, sq “ e 12 ps´s0qβ `
ż s
s0
e
1
2
ps´s1q
F
p3qps1qds1 , (9.13)
where the forcing terms are defined in (9.2), (9.3). We differentiate the above expressions in α, recalling the
notation that qα :“ Bαq and qβ :“ Bβq
qp2qα “ e
3
4
ps´s0q `
ż s
s0
e
3
4
ps´s1qBαF p2qps1qds1 , (9.14)
qp3qα “
ż s
s0
e
1
2
ps´s1qBαF p3qps1qds1 . (9.15)
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Similarly, differentiating in β yields the expressions
q
p2q
β “
ż s
s0
e
3
4
ps´s1qBβF p2qps1qds1 , (9.16)
q
p3q
β “ e
1
2
ps´s0q `
ż s
s0
e
1
2
ps´s1qBβF p3qps1qds1 . (9.17)
Third, by integrating (9.7) - (9.8) we have
rqp5qc “ rqp5qc ps0q ` ż s
s0
BcF p5qps1qds1 .
We now write the expressions:
BcF p2q “3 9τcβ2τ qp2q ` 3pβτ ´ 1qqp2qc ´ µcqp3q ´ µqp3qc ´ 2BcGp1qW p0, sqqp2q
´ 2Gp1qW p0, sqqp2qc ` BcF p2qW p0, sq ` BcGp2qW p0, sq , (9.18)
and
BcF p3q “4β2τ qp3q 9τc ` 4pβτ ´ 1qqp3qc ´ 3BcGp1qW p0, sqqp3q ´ 3Gp1qW p0, sqqp3qc
´ 3β2τ 9τc|qp2q|2 ´ 6βτ qp2qqp2qc ´ 3BcGp2qW p0, sqqp2q ´ 3Gp2qW p0, sqqp2qc
` BcGp3qW p0, sq ` BcF p3qW p0, sq , (9.19)
for c P tα, βu. We also record, by differentiating (9.7), the expression
BcF p5q “´ µcqp6q ´ µqp6qc ´ β2τ 9τcqp5q ` p1´ βτ qqp5qc ´ 20qp3qqp3qc
´
4ÿ
j“1
ˆ
5
j
˙
pBcGpjqW p0, sqqp6´jq `GpjqW p0, sqqp6´jqc q ` BcGp5qW p0, sq ` BcF p5qW p0, sq . (9.20)
Lemma 9.4. The following estimates are valid on the quantities defined in (9.18), (9.19), (9.20)
|BcF p2q| ď ε
5
8 , |BcF p3q| ď ε
5
8 , |BcF p5q| ď ε
3
8 . (9.21)
Proof. We now estimate each of the terms in the forcing above in (9.18):
|BcF p2q| À | 9τc||qp2q| ` |βτ ´ 1||qp2qc | ` |µc||qp3q| ` |µ||qp3qc | ` |BcGp1qW p0, sq||qp2q|
` |Gp1qW p0, sq||qp2qc | ` |BcF p2qW p0, sq| ` |BcGp2qW p0, sq|
ÀM ε
1
2 e´
3
4
s ` ε 16 e´ 34 s ` ε 12 e´ 54s ` ε 1112 ` ε 12 e´s ` ε 34 e´ s4 ` ε 34 e´ s4 ` ε 12 e´ s4 ÀM ε
3
4 , (9.22)
and similarly, we estimate
|BcF p3q| À |qp3q|| 9τc| ` |βτ ´ 1||qp3qc | ` }BcGp1qW }8|qp3q| ` }Gp1qW }|qp3qc | ` | 9τc||qp2q|2
` |qp2q||qp2qc | ` }BcGp2qW }|qp2q| ` }Gp2qW }|qp2qc | ` }BcGp3qW } ` }BcF p3qW }
ÀM ε 12 e´s ` ε 1112 ` ε 12 e´ 54s ` ε 34 e´ s4 ` ε 12 e´ 32s ` ε 34 ` ε 12 e´ 54 s ` ε 34 e´ 14s ` ε 12 e´ s4 ` ε 34 e´ s4
ÀM ε
3
4 . (9.23)
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In both estimates above we have invoked the bootstrap estimate (5.21) on µ, the estimate (5.23) on |1´βτ |,
the bootstraps (5.24) on the 9τc, µc terms, (5.17) for the decay estimates on q
p2q, qp3q, (5.28) - (5.29) for the
estimates on q
p2q
c , q
p3q
c , and finally (6.7) and (6.37) for the transport and forcing terms, respectively.
From (9.22) and (9.23), we can take ε small relative to the implicit constant which depends on M to
conclude that
|BcF p2q| ď ε
5
8 , |BcF p3q| ď ε
5
8 .
Finally, estimating BcF5 yields
|BcF5| À |µc|}W p6q}8 ` |µ|}W p6qc }8 ` | 9τc||qp5q| ` |1´ βτ ||qp5qc | ` |qp3q||qp3qc |
`
4ÿ
j“1
p}BcGpjqW }8|qp6´jq| ` }GpjqW }8}W p6´jqc }8q ` }BcGp5qW }8 ` }BcF p5qW }8
ÀM ε
1
2 e´
s
4 ` ε 1112 ` ε 12 ` ε 16 e´ 34 sp1` ε 38 e s8 q ` ε 34 e´ s4 ` ε 12 e´ s4 ` ε 34 e´ s4
` ε 12 e´ s4 ` ε 34 e´ s4
ÀM ε
1
2 ,
from which we can conclude |BcF p5q| ď ε 38 , establishing the final estimate of (9.21). We invoke the same
set of bootstraps as in the estimate of BcF p2q, BcF p3q above, and in addition we invoke (5.30) on the estimate
of q
p5q
c and (5.32) on theW
pnq
c quantities.
Corollary 9.5. The following estimates are valid
|qp2qα ´ ε
3
4 e
3
4
s| ď ε 54 e 34 s , |qp2qβ | ď
1
2
ε
5
4 e
3
4
s , (9.24)
|qp3qα | ď
1
2
εe
1
2
s , |qp3qβ ´ ε
1
2 e
s
2 | ď εe 12s , (9.25)
|rqp5qc | ď 12ε 38 e 18s . (9.26)
In particular, this verifies the bootstrap estimates (5.28) - (5.29), and (5.30).
Proof. For (9.24) - (9.25), this follows immediately upon combining estimates (9.21) with the expressions
(9.14) - (9.17). For the estimate on rqp5qc , we need to use that
rqp5qα ps0q “ B5x|x“0´x2χpxq¯ “ 0 ,
rqp5qβ ps0q “ B5x|x“0´x3χpxq¯ “ 0 ,
according to (4.1).
10 Estimates forW
In this section we will verify various pointwise bootstrap estimates on W , solving (3.8), and derivatives
thereof. The main objective is to verify the bootstrap assumptions (5.5) - (5.7), (5.20), (5.13) - (5.16), (5.31)
- (5.34), as well as (5.37).
The following lemma verifies the bootstrap (5.20).
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Lemma 10.1. The following estimate is valid onW p1q
|W p1q| ď 1` ℓ
2
M40e´s ,
which in particular verifies (5.20).
Proof. We subdivide into three regions |x| ď ℓ, ℓ ď |x| ď ε´ 14 and |x| ě ε´ 14 . In the middle region
ℓ ď |x| ď ε´ 14 , we have
|W p1qpx, sq| ď |W p1qpxq| ` |ĂW p1qpx, sq| ď 1´ ℓ7
50
` |ĂW p1qpx, sq| ď 1´ ℓ7
50
` ε 15 ă 1,
where we have invoked (3.32) to bound |W p1q| above in this region, and the bootstrap (5.12) which is also
valid in this region.
In the far-field region, |x| ě ℓ, we use
|W p1qpxq| ďMη´ 1
5
pxq ÀM pε´ 14 q 45 .
In the region |x| ď ℓ, we obtain by a Taylor expansion ofW p1q for some |x˚| ď ℓ.
W p1qpx, sq “ ´ 1`W p2qp0, sqx`W p3qp0, sqx
2
2
`W p5qpx˚, sqx
4
24
“´ 1`W p2qp0, sqx`W p3qp0, sqx
2
2
`W p5qpx˚qx
4
24
`ĂW p5qpx˚, sqx4
24
ěp´1`W p5qpx˚qx
4
24
´ |ĂW p5qpx˚, sqx4
24
|q `W p2qp0, sqx`W p3qp0, sqx
2
2
ě´ 1` ℓM40e´s ` ℓ2M
40
2
e´s .
Above, we have used property (3.30) to assert thatW
p5qpx˚q ą 12 via a further Taylor expansion:
W
p5qpx˚q ąW p5qp0q ´ |x˚|}W p6q}8 ąW p5qp0q ´ Cℓ ą 1
2
.
in which case we use (9.9) to bound
x4
24
´
W
p5qpx˚q ´ |ĂW p5qpx˚, sq|¯ ě 1
2
´ ε ě 1
4
.
We now collect various estimates on damping terms. To do so, we first make the following definitions.
Dn :“ 1
4
p´1` 5nq ` βτ pn` 1ną1qW p1q , (10.1)
rDn :“ 1
4
p´1` 5nq ` βτ
´
W
p1q ` nW p1q
¯
, (10.2)
Dcn :“
5n ´ 1
4
` pn` 1qβτW p1q , (10.3)
Dn,r :“ Dn ´ η´ r
4
VW Bxη r
4
“ 1
4
p´1` 5nq ` βτ pn` 1ną1qW p1q ´ η´ r
4
VW Bxη r
4
, (10.4)
rDn,r :“ rDn ´ η´ r
4
VW Bxη r
4
“ 1
4
p´1` 5nq ` βτ
´
W
p1q ` nW p1q
¯
´ η´ r
4
VW Bxη r
4
, (10.5)
Dcn,r :“ Dcn ´ η´ r
4
VW Bxη r
4
“ 5n´ 1
4
` pn` 1qβτW p1q ´ η´ r
4
VW Bxη r
4
. (10.6)
We now state various estimates on these damping terms.
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Lemma 10.2. Let |x0| ě ℓ. Then, for D P t rD6,Dc7u, D P t rD1, 4
5
, rD0,´ 1
5
u, and for n ě 2, j ě 1, the
following estimates are valid
D ě1
8
, (10.7)
´
ż s
s0
D ˝ Φx0W ď
1
50
logM , (10.8)
´
ż s
s0
Dn, 4
5
˝ Φx0W ď´
1
9
ps´ s0q ` 1
50
logM , (10.9)
´
ż s
s0
W p1q ˝ Φx0W ď
1
50
logM , (10.10)
´
ż s
s0
Dc
j, 1
5
˝ Φx0W ď
1
50
logM . (10.11)
Proof. First, for (10.7),
rD6 “ 1
4
p´1` 30q ` βτ
´
W
p1q ` 6W p1q
¯
ě 1
4
´ 6 |1´ βτ | ě 1
8
. (10.12)
where we have used thatW
p1q ě ´1, (5.20) and (5.21). An analogous estimate applies for the Dc7 term.
We turn now to (10.8). By a simple calculation, we have
rD0,´ 1
5
“ βτW p1q ` 1
4
η´1 ` x
3
5
η´1gW ,
rD1, 4
5
“ βτ pW p1q `W p1qq ´ η´1 ´ 4x
3
5
η´1gW .
Observe, that for either the case Dq “ rD0,´ 1
5
, rD1, 4
5
, we have from (5.5), (5.6), (5.23), (6.1)
|Dq| ď 3ℓ logMη´ 1
5
` η´1p1` |x| p|W | ` |GW |qq
ď 4ℓ logMη´ 1
5
` |x| η´1p 1
1000
logMη 1
20
` η 1
4
q
ď 6ℓ logM .
Thus, using in addition (6.62), we have
´
ż s
s0
Dq ˝ Φx0W ps1q ds1 ď6ℓ logM
ż s
s0
´
η´ 1
5
pℓε 15 e 15sq ` e´s
¯
ds1
ď6ℓ logMp20 log ℓ´1q ď 1
50
logM . (10.13)
The same calculation establishes estimate (10.9), (10.10), (10.11), with minor modifications.
10.1 Transport Estimates forW
We now prove a uniform estimate on ĂW p6q in the region |x| ď ℓ. We will prove the estimates along
trajectories originating at |x0| ď ℓ. Note that no trajectory originating outside the ball of radius ℓ may enter
the ball of radius ℓ. This is a consequence of (6.62). The following establishes the bootstrap bounds (5.14)
- (5.16).
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Lemma 10.3. The following localized estimates hold in the region |x| ď ℓ
|ĂW pnq| ď 1
2
p|x|6´k ε 15 ` ε 12 q ď |ℓ|6´n ε 15 , for n “ 0, . . . , 5 , (10.14)
|ĂW p6q| ď 1
2
ε
1
5 , (10.15)
|ĂW p7q| ď M
2
ε
1
5 , (10.16)
|ĂW p8q| ď M3
2
ε
1
5 . (10.17)
Proof. Composing with the flow we have
d
ds
´ĂW p6q ˝ Φx0W¯` ´ rD6 ˝ Φx0W¯´ĂW p6q ˝ Φx0W¯ “ rFW,n ˝ Φx0W .
Hence, applying Gro¨nwall, (6.26) and the lower bound (10.12), we obtainˇˇˇĂW p6q ˝Φx0W ˇˇˇ À ˇˇˇĂW p6qpx0,´ log εqˇˇˇ ` ℓε 15 À ℓε 15 .
The same argument applies for (10.16) and (10.17) using the latter two estimates in (6.26).
From the constraints (3.3) and the estimate (5.14), we have
ĂW pxq “ ĂW p2qp0q
2!
x2 `
ĂW p3qp0q
3!
x3 `
ĂW p5qp0q
5!
x5 `Opε 15 |x|6q .
Then applying (9.5) and (9.9), we obtain (10.14).
Lemma 10.4. For ℓ ď |x| ď ε´ 14 we have
|ĂW | ď 1
2
ε
3
20 η 1
20
, (10.18)
|ĂW p1q| ď 1
2
ε
1
20 η´ 1
5
, (10.19)
which thus verifies the bootstraps (5.11) - (5.12).
Proof. We write
pBs ` rD0,´ 1
5
qpη´ 1
20
ĂW q ` VW Bxpη´ 1
20
ĂW q “ η´ 1
20
rFW,0 , (10.20)
pBs ` rD1, 4
5
qpη 1
5
ĂW p1qq ` VW Bxpη 1
5
ĂW p1qq “ η 1
5
rFW,1 . (10.21)
We now fix any |x0| ě ℓ. We will consider trajectories starting with ps˚, x0 “ ˘ℓq or ps0, x0q for
|x0| ą ℓ. Writing the solution to (10.20) we obtain
η´ 1
20
ĂW ˝Φx0W “ η´ 1
20
ĂW ps˚,Φx0W ps˚qqe´ şss˚ rD0,´ 15 ˝Φx0W ` ż s
s˚
e
´
şs
s1
rD
0,´ 1
5
˝Φ
x0
W η´ 1
20
rFW ˝ Φx0W ds1 .
We now estimate both sides to produce
|η´ 1
20
ĂW ˝Φx0W | ďpε 34 ` 2ℓ6ε 15 qM 150 ` ż s
s˚
M
1
50 e´
3
4
s1 ds1 ď 1
2
ε
3
20 .
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Above, we have invoked estimate (6.21) on the forcing term and (10.8) for the damping term. We have
moreover estimated the initial data by using (4.1) to write
ĂW px, s0q “xW0 ` αx2χ` βx3χ´W p1´ χpε 14xqq . (10.22)
When |x| ď ε´ 14 , the last term above is zero, and so we estimate, for |x| ď ε´ 14 ,
|ĂW px, s0qη´ 1
20
| ď }xW0η´ 1
20
}8 ` |α| ` |β| ď ε
3
4 ,
by the estimates (4.2) and (5.3).
Writing the solution to (10.21) yields
η 1
5
ĂW p1q ˝ Φx0W “ η 1
5
ĂW p1qps˚, x0qe´ şss˚ rD1, 45 ˝Φx0W ` ż s
s˚
e
´
şs
s1
rD
1, 4
5
˝Φ
x0
W η 1
5
rFW,1 ˝ Φx0W ds1 .
We now estimate the right-hand side via
|η 1
5
ĂW p1q ˝Φx0W | ďpε 34 ` 2ℓ5ε 15 qM 150 ` ε 110M 150 ż s
s˚
|η´ 1
20
px0e
1
5
ps1´s0qqds1 ď 1
2
ε
1
20 ,
where above we have invoked estimate (10.8) for the damping term, and (6.21) for the forcing term. For the
initial data, we differentiate (10.22) to obtain
ĂW p1qpx, s0q “ xW 10 ` Bx´αx2χ` βx3χ¯´ Bx´W p1´ χpε 14xqq¯,
which upon noting that the latter term is identically zero on |x| ď ε´ 14 , we obtain
|ĂW p1qpx, s0qη 1
5
| ď }η 1
5
xW 10}8 ` |α| ` |β| ď ε 34 ,
upon invoking estimates (4.2) and (5.3).
Lemma 10.5. For |x| ě ℓ we have
|W | ď ℓ
2
logMη 1
20
, (10.23)
|W p1q| ď ℓ
2
logMη´ 1
5
, (10.24)ˇˇˇ
W pnq
ˇˇˇ
ď 1
2
Mk
2
η´ 1
5
for n “ 2, . . . , 8 , (10.25)
which verifies the bootstraps (5.5) - (5.7).
Proof. We write, for n ě 1,
pBs `Dn, 4
5
qη 1
5
W pnq ` VW Bxpη 1
5
W pnqq “ η 1
5
FW,n , (10.26)
pBs `D0,´ 1
5
qpη´ 1
20
W q ` VW Bxpη´ 1
20
W q “ η´ 1
20
FW,0 . (10.27)
We will treat the cases n “ 0, n “ 1, and n ě 2 cases separately.
Writing Gro¨nwall for (10.26) gives
η 1
5
W pnq ˝ Φx0W “ η 1
5
W pnqps˚, x0qe´
şs
s˚
D
n, 4
5
˝Φ
x0
W `
ż s
s˚
e
´
şs
s1 Dn, 4
5
˝Φ
x0
W η 1
5
FW,n ˝ Φx0W ds1 . (10.28)
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Estimating both sides for n ě 2 gives
|η 1
5
W pnq ˝ Φx0W | ď pM ` 10ε
1
5 qe´ 19 ps´s˚qM 150 `M 150
ż s
s˚
e´
1
9
ps´s1qM´
9
10Mn
2
ds1,
where we have appealed to estimate (10.9) for the damping term and estimate (6.22) for the forcing.
For the n “ 0, 1 cases, it suffices to prove estimates (10.23) and (10.24) in the region |x| ě ε´ 14 due
to (10.18) - (10.19). In this case, we select |x0| ě ε´ 14 and s˚ ě s0 such that ps˚, x0q is the origin of the
trajectories consider. More specifically, we take either |x0| ą ε´ 14 and s˚ “ s0 or |x0| “ ε´ 14 and any
s˚ ě s0. In this case, (10.28) continues to hold for n “ 1, and we estimate via
|η 1
5
W p1q ˝Φx0W | ď|η 1
5
W p1qpx0, s˚q||e´
şs
s˚
D
1, 4
5
˝Φ
x0
W | `
ż s
s˚
|e´
şs
s1 D1, 4
5
˝Φ
x0
W |}η 1
5
FW,1}8 ds1
À
´
sup
|x|ěε´
1
4
|η 1
5
W p1qpx, s0q| ` |η 1
5
W p1qpε´ 14 , s˚q|
¯
`
ż s
s˚
e´
1
2
s1 ds1 (10.29)
À
´
1` |η 1
5
W
p1qpε´ 14 q| ` |η 1
5
ĂW p1qpε´ 14 , s˚q|¯` ż s
s˚
e´
1
2
s1 ds1 (10.30)
ď ℓ
2
logM .
To evaluate the size of the initial data, from (10.29) to (10.30), we have used (4.1) to compute
|η 1
5
W p1qpx, s0q| “
ˇˇˇ´
W
p1q
χpε 14xq `Wε 14χ1pε 14xq `xW 10 ` Bx´αx2χpxq ` βx3χpxq¯¯η 1
5
ˇˇˇ
À 1 .
Above, we have invoked the choice (5.1) to ensure that ℓ logM can be selected larger than the implicit
constants appearing in the above estimate. We have also invoked bootstrap (5.12) to control the ĂW p1q term
above. We have also invoked (6.23) to control the forcing term, and used the fact that
exp
´
´
ż s
s0
D1, 4
5
˝ Φx0W
¯
ď 10 for |x0| ě ε´ 14 .
An analogous series of estimates applies to (10.23).
10.2 Transport estimates of∇cW
We now verify the bootstrap estimates (5.33) - (5.34).
Lemma 10.6. For n “ 0, . . . , 6 and |x| ď ℓ we have the following estimates
|W pnqc | ďMℓ
3
4 ε
3
4 e
3
4
s , (10.31)
|W p7qc | ď
M
2
ε
3
4 e
3
4
s . (10.32)
Proof. The first inequality above follows for n “ 0 upon Taylor expanding and noting that Wcp0, sq “ 0
via
|Wc| ď ℓ sup
|x|ďℓ
|W p1qc | ď ℓMℓ
1
2 e
3
4
ps´s0q .
The exact same argument works for the n “ 1 inequality. For the n “ 2 inequality, we also Taylor expand,
but must factor in the value at x “ 0 via
|W p2qc | ď |W p2qc p0, sq| ` ℓ sup
|x|ďℓ
|W p3q| ď 4e 34 ps´s0q ` ℓMe 34 ps´s0q .
57
Buckmaster, Iyer Construction of Unstable Shocks
Finally, for the n “ 7 case, we directly apply Gro¨nwall to integrate which gives
W p7qc pΦW px, sq, sq “W p7qc px, sqe´
şs
s0
Dc
7
˝ΦW `
ż s
s0
e´
şs
s1 D
c
7
˝ΦWF cW,7 ˝ΦW ds1 .
We note that (10.7) implies that
e
´
şs
s0
Dc
7
˝Φ
x0
W ď e´ 18 ps´s0q .
Thus, we have
|W p7qc ˝ Φx0W | ď2W p7qc px0, s0qe´
1
8
ps´s0q `
ż s
s0
e´
1
8
ps´s1q}F cW,7 ˝ΦW }ds1
ď2e´ 18 ps´s0q `
ż s
s0
e´
1
8
ps´s1qMℓ
1
5 e
3
4
ps1´s0q ds1
ď2e´ 18 ps´s0q ` 2Mℓ 15 e 34 ps´s0q ,
where we have invoked the enhanced localized estimate, (6.44).
We now verify (5.31) - (5.32).
Lemma 10.7. For n “ 1, . . . , 7 and |x| ď ℓ we have the following estimates
|Wc| ď M
4
2
ε
3
4 e
3
4
s , (10.33)
|W pnqc η 1
20
| ď M
pn`2q2
2
ε
3
4 e
3
4
s . (10.34)
Proof. Consider equation (3.62) for BcW . First, define the rescaled quantity Q :“ BcWe´ 14 ps´s0q, which
satisfies
pBs ` βτW p1qqQ` VW BxQ “ e´
1
4
ps´s0qF cW,0
By Gro¨nwall, we have
|Q ˝Φx0W | ď|Qpx0, s˚q|e´
şs
s˚
βτW
p1q˝Φ
x0
W `
ż s
s˚
e´
şs
s1 βτW
p1q˝Φ
x0
W |e´ 14 ps1´s0qF cW,0 ˝ Φx0W |ds1
Àp}Wcp¨, s0q}8 ` ℓ 12Me 12 ps˚´s0qqM 150 `M 150
ż s
s˚
e´
1
4
ps1´s0qε
1
8 ds1 ,
where we have invoked (10.10) for the estimate on the damping term, and estimate (6.36) for the forcing
term. Multiplying through by e
1
4
ps´s0q and using that s˚ ď s generates the desired bound.
For (10.34), we again use Gro¨nwall to estimate
|η 1
20
W pnqc ˝Φx0W | ď|W pnqc px0, s˚q|e
´
şs
s˚
Dc
n, 1
5
˝Φ
x0
W `
ż s
s˚
e
´
şs
s1 D
c
n, 1
5
˝Φ
x0
W |η 1
20
F cW,n ˝Φx0W |ds1
Àp}W pnqc p¨, s0q}8 `Me
3
4
ps˚´s0qqM 150 `M 150
ż s
s0
M´1M pn`2q
2
e
3
4
ps1´s0q ds1
ÀMe 34 ps˚´s0qM 150 `M 150M pn`2q2M´1e 34 ps´s0q ,
where we have invoked the estimate (10.11) on the damping term, and estimate (6.37) to estimate the forcing
term. This concludes the proof of the lemma.
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10.3 Transport estimates for∇2cW
The following verifies the bootstraps (5.37).
Lemma 10.8. Let 0 ď n ď 6.
}Bc1c2W pnq}8 ď
M pn`5q
2
2
ε
3
4 e
3
4
s .
Proof. Using equation (3.71), we write via Gro¨nwall upon noting thatWc1c2ps0, xq “ 0,
|W pnqc1c2 ˝Φx0W | ď
ż s
s0
e´
şs
s1 D
c
n˝Φ
x0
W |F c1,c2W,n ˝Φx0W |ds1
À
ż s
s0
e
11
8
ps´s1qM pn`5q
2´1e
3
2
ps1´s0q ds1 ÀM pn`5q2´1e 32 ps´s0q ,
where above we have used the definition (10.3) to produce the trivial bound
Dcn ě ´
11
8
,
and estimate (6.51) - (6.52) for the forcing.
11 Proof of main theorem
We are now ready to establish all of the assertions in Theorem 2.1. While the bootstrap estimates put forth
in Section 5 have all been verified, the first task is to now establish the inductive proposition, Proposition
5.2.
11.1 Newton iteration
We now prove the main theorem by designing a Newton scheme on appropriately defined maps TN .
Proof of Proposition 5.2. First, we will define the map TN : BN pαN , βN q Ă R2 Ñ R2 by
TN pα, βq :“ pW p2qα,βp0, sN`1q,W p3qα,βp0, sN`1qq .
Define now the error quantities via
E
p2q
N :“W p2qαN ,βN p0, sN`1q “ T
p1q
N pαN , βN q ,
E
p3q
N :“W p3qαN ,βN p0, sN`1q “ T
p2q
N pαN , βN q .
An immediate consequence of (9.5) is the estimate
|Ep2qN | ` |Ep3qN | ďM25e´sN .
We now compute the matrix
∇α,βTN “
˜
BαW p2qα,βp0, sN`1q BβW p2qα,βp0, sN`1q
BαW p3qα,βp0, sN`1q BβW p3qα,βp0, sN`1q
¸
,
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which, when we evaluate at the point pαN , βN q produces
∇α,β|αN ,βNTN “
˜
BαW p2qαN ,βN p0, sN`1q BβW
p2q
αN ,βN
p0, sN`1q
BαW p3qαN ,βN p0, sN`1q BβW
p3q
αN ,βN
p0, sN`1q
¸
.
The bootstrap assumptions (5.28) - (5.29), coupled with the estimates on the second derivatives, (5.37)
enable us to apply the Implicit Function Theorem on TN in a neighborhood BN pαN , βN q of pαN , βN q,
defined in (5.2), to conclude that
|αN`1 ´ αN | ďM25e´
3
4
psN´s0qe´sN ` ε 14 e´sN e´ 12 psN´s0q , (11.1)
|βN`1 ´ βN | ď 2M25e´
1
2
psN´s0qe´sN , (11.2)
which in particular verifies the bootstraps (5.2). More specifically, we have used that in the neighborhood
BN pαN , βN q, we have uniform bounds on the pα, βq Hessian of TN . Estimating BααTN yields
sup
α,βPBN
|BααTN ||α´ αN | ÀMe
3
2
psN`1´s0q
´
e´
3
4
psN´s0qe´sN ` ε 15 e´sN e´ 12 psN´s0q
¯
ÀMe´sN
´
e
3
4
psN´s0q ` ε 15 esN´s0q
¯
! Bα|αN ,βNTN .
Similarly, for BαβTN we have
sup
α,βPBN
|BαβTN ||α´ αN | ÀMe
3
2
psN`1´s0q
´
e´
3
4
psN´s0qe´sN ` ε 15 e´sN e´ 12 psN´s0q
¯
ÀMe´sN
´
e
3
4
psN´s0q ` ε 15 epsN´s0q
¯
! Bβ |αN ,βNTN ,
and
sup
α,βPBN
|BαβTN ||β ´ βN | ÀM e
3
2
psN`1´s0q
´
e´sN e´
1
2
psN´s0q
¯
! Bα|αN ,βNTN .
Finally, estimating BββTN yields
sup
α,βPBN
|BββTN ||β ´ βN | ÀM e
3
2
psN`1´s0q
´
e´sN e´
1
2
psN´s0q
¯
! Bβ |αN ,βNTN .
We can now send N Ñ 8 to obtain our limiting profiles. To make matters precise, we define the
following norm, specific to a given s˚ P rs0,8q.›››pW,Z,Aq›››
X
:“
›››}Wη´ 1
20
}L8
›››
L8ps0,s˚q
`
6ÿ
j“1
›››}W pjqη 1
5
}L8
›››
L8ps0,s˚q
`
›››e 34sW p2qp0, sq›››
L8ps0,s˚q
`
›››e 34sW p3qp0, sq›››
L8ps0,s˚q
` ε´ 54
›››}Z}8›››
L8ps0,s˚q
` ε´ 34
›››}A}8›››
L8ps0,s˚q
`
6ÿ
j“1
›››e 54s}Zpjq}L8›››
L8ps0,s˚q
`
6ÿ
j“1
›››e 54 s}Apjq}L8›››
L8ps0,s˚q
, (11.3)
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and the corresponding Banach space
X :“ Closure of C8c prs0, s˚s,Rq3 with respect to } ¨ }X .
We also define the following norms in which we measure the modulation variables
}pµ, τ, κ, ξq}Y :“ε´ 17 }e 34 sµ}L8ps0,s˚q ` ε´
1
7 }e 34s 9τ}L8ps0,s˚q ` ε´
1
8 } 9κ}L8ps0,s˚q
` 1
κ0
} 9ξ}L8ps0,s˚q ,
and the corresponding Banach space
Y :“ Closure of C8c prs0, s˚sq4 with respect to } ¨ }Y .
Corollary 11.1. There exist values pα8, β8q so that the data W0 given according to (4.1) yields a global
solution, pW,Z,Aq P X and pµ, τ, κ, ξq P Y on ´ logpεq ď s ă 8 which satisfies
}pW,Z,Aq}X ` }pµ, τ, κ, ξq}Y ÀM 1 , (11.4)
the constraints
W p0, sq “ 0 , W p2qp0, sq “ ´1 , W p4qp0, sq “ 0 ,
the following asymptotic behavior for the second and third derivatives:
|W p2qp0, sq| À e´ 34 s , |W p3qp0, sq| À e´ 34s .
Finally, for the fifth derivative W p5qp0, sq, there exists a number ν such that
W p5qp0, sq Ñ ν, |ν ´ 120| À ε 78 . (11.5)
Proof. Fix any s0 ď s˚ ă 8 and consider the sequences
tWαN ,βN , ZαN ,βN , AαN ,βN uNěts˚u`1 “: tWN , ZN , ANuNěts˚u`1 ,
tµαn,βn , 9ταN ,βN , 9καN ,βN , 9ξαN ,βN uNěts˚u`1 “: tµN , 9τN , 9κN , 9ξNuNěts˚u`1 .
Our assertion will be that these sequences are Cauchy in the spaces X and Y , respeectively. Let now
s0 ď s ď s˚. Recall from the definition of BN in (5.2), that
|αN`1 ´ αN | ÀM e´sN e´ 12 psN´s0q, |βN`1 ´ βN | ÀM e´sN e´ 12 psN´s0q .
Considering the first term in definition of (11.3), we now estimate
}pWN`1 ´WN qη´ 1
20
}L8 ÀMe´sN e´
1
2
psN´s0q sup
pα,βqPBN
}BcWη´ 1
20
}L8
ÀMe´sN e´ 12 psN´s0qe 34 ps´s0q , (11.6)
where we have invoked the estimate (5.31). Second, for k ě 1, we have a nearly identical estimate using
(5.32). Third, we estimate using (5.28) - (5.29)
e
3
4
s|W p2qN`1p0, sq ´W p2qN p0, sq| ÀMe
3
4
se´sN e´
1
2
psN´s0q sup
pα,βqPBN
|BcW p2qp0, sq|
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ÀMe
3
4
se´sN e´
1
2
psN´s0qe
3
4
ps´s0q .
An analogous estimate applies to the fourth quantity in (11.3).
For the quantities in the third and fourth lines of (11.3), we use (5.9) - (5.10), coupled with (5.26) -
(5.27), in essentially the identical manner to the quantities above. Similarly, for the quantities in Y , we
couple the estimates (5.21) - (5.22), with the estimates (5.24) - (5.25).
As s ď s˚ ď sN Ñ 8, the estimates above clearly imply that tWN , ZN , ANu is a Cauchy sequence
in the norm X and tµN , 9τN , 9κN , 9ξNuNěts˚u`1 form a Cauchy sequence in Y , upon taking supremum in
s P rs0, s˚s. We conclude by sending s˚ Ñ8.
For the final step, we note that the norms X and Y are clearly strong enough to pass to the limit in the
equation (3.20) - (3.22). Furthermore, applying (9.10) and (9.11) yields that
ν “ lim
sÑ8
W p5qp0, sq ,
exists, and by (9.9) we have
|ν ´ 120| À ε 78 .
11.2 Consequential quantitative properties for pw, a, zq
We finish by providing a proof of the following consequence of our construction.
Lemma 11.2 (Holder 1{5 Regularity). The solution wpθ, sq satisfies the following Holder 1{5 regularity
estimate uniformly in t up to the shock time T˚
sup
tPr´ε,T˚s
rwp¨, tqs 1
5
À 1 . (11.7)
Proof. Due to bootstrap bounds (5.11), (5.12) on ĂW , and properties (3.27) on W we obtain the following
onW “W `ĂW ,
|BxW px, sq| À xxy´
4
5 ,
where the implicit constant is uniform, and in particular, independent of s. Using this, we write
rW p¨, xqs 1
5
“ sup
px,x1q
|W px, sq ´W px1, sq|
|x´ x1| 15
“ sup
px,x1q
1
|x´ x1| 15
|
ż x1
x
BxW py, sqdy|
À sup
px,x1q
1
|x´ x1| 15
ż x1
x
xyy´ 45 dy “ sup
x
1
|x| 15
ż x
0
xyy´ 45 dy À 1 . (11.8)
Finally, we use (3.1) to argue as follows. Select any pθ, θ1q P T. Then there exists a corresponding px, x1q
determined through (3.1) so that
|wpθ, tq ´wpθ1, tq|
|θ ´ θ1| 15
“ |W px, sq ´W px
1, sq|
|x´ x1| 15
.
From here, we take supremum over θ and apply estimate (11.8) to reach (11.7).
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Lemma 11.3. The following estimates hold for a constant CM that depends onM ,
sup
tPr´ε,T˚q
sup
θPT
|Bθap¨, tq| ď CM ,
sup
tPr´ε,T˚q
sup
θPT
|Bθzp¨, tq| ď CM ,
sup
tPr´ε,T˚q
sup
θPT
|wpθ, tq| ď 2κ0 .
Proof. This follows upon pulling back to the original coordinate system via (3.6) and (3.7) which gives
sup
t
sup
θ
|Bθa| “ sup
s
sup
x
e
5
4
s|Ap1q| ďM2 ,
sup
t
sup
θ
|Bθz| “ sup
s
sup
x
e
5
4
s|Zp1q| ďM2 ,
upon invoking bootstraps (5.9) and (5.10), and upon invoking Corollary 11.1 to ensure that these bootstraps
are satisfied globally.
We now arrive at the pointwise estimate for wpθ, tq. For this, we use the bootstraps (5.5), (5.4), and
(5.22) to obtain
|w| ďe´ s4 |W | ` |κ| À e´ s4 sup
´ logpεqďsă8
xPBf
xxy 15 ` |κ0| ` ε
Àe´ s4 pMεe 54 sq 15 ` |κ0| ` ε ď 2|κ0| .
We now provide a final lemma to obtain the shock dynamics of Bθwpx, tq.
Lemma 11.4. The following asymptotic behavior is valid for wpx, tq,
lim
tÑT˚
Bθwpξptq, tq “ ´ 1
T˚ ´ t . (11.9)
Proof. First, (11.9) follows upon using (3.5), evaluating at x “ 0, and using the constraintW p1qps, 0q “ ´1
which yields
Bθwpξptq, tq “ ´ 1
τptq ´ t . (11.10)
We now note that, while 9τptq satisfies the bootstrap (5.21), τptq is itself uniquely defined upon enforcing
τpT˚q “ T˚ .
Thus, we may take the limit of (11.10) to get (11.9).
We now establish the following pointwise asymptotic stability result.
Lemma 11.5. LetW be the global solution from Corollary 11.1 and let ν be as in (11.5). Then the following
asymptotic behavior holds
lim
sÑ8
W pnqpx, sq “W pnqν pxq, n “ 0, . . . , 5 , (11.11)
whereW ν is the exact, self-similar Burgers profile
W νpxq :“
´ ν
120
¯´ 1
4
W
ˆ´ ν
120
¯ 1
4
x
˙
. (11.12)
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Remark 11.6. We note that the parameter ν in (11.12) is directly related to the spatial rescaling invariance
of Burgers’ equation, listed in Section 3.2.
Proof. Let pW,Z,Aq be the global solution defined in Corollary 11.1. First, it is easily verified that W ν is
an exact solution to the self-similar Burgers’ equation (3.24), and that the first 5 Taylor coefficients of W ν
are given by
Wνp0q “W p2qν p0q “W p3qν p0q “W p4qν p0q “ 0, W p1qν p0q “ ´1 andW p5qν p0q “ ν .
In particular, at the limit s Ñ 8, the first 5 Taylor coefficients of W and W ν match. Let us define the
difference ĂWν “W ´W ν .
Hence, by definition
lim
sÑ8
W pnqν p0q “ 0 , (11.13)
for all n “ 0, . . . , 5. By a similar calculation to (3.51) – although we will rearrange the terms on the
left-hand-side and right-hand-side – we obtain
pBs ´ 1
4
`W p1qν qĂWν ` pW ` 54xqBxĂWν “ ´βτe´ 34 s 9κ` FW ` pp1 ´ βτW q ´GW qBxW :“ rFν .
Using (5.21), (6.1) and (6.20), we have that for any fixed x˚ thatż 8
s0
ˇˇˇ rFνpx˚, sqˇˇˇ ds ă 8 . (11.14)
Now fix δ ą 0, x˚ P R and s˚ ě ´ log ε. Then as a consequence of (11.13) and (5.7) we haveˇˇˇĂW px˚, s˚qˇˇˇ ÀM |x˚|6 ` δ , (11.15)
assuming that s˚ is taken sufficiently large dependent on the choice of δ. Now define Φ to be the trajectory
BsΦpsq “
ˆ
W ` 5
4
x
˙
˝ Φ, Φps˚q “ x˚ .
If we in addition define q “ e´ 54 ps´s˚qĂWν , then q ˝ Φ satisfies the equation
pBs ` 1`W p1qν qpq ˝Φq “ e´
5
4
ps´s˚q rFν ˝ Φ .
SinceW
p1q
ν ě ´1, then by Gro¨nwall and (11.14), it follows that
|q ˝Φpsq| ď |q ˝ Φps˚q| ` δ (11.16)
for s ě s˚, assuming that s˚ is taken to be sufficiently large, dependent on δ. Combining (11.15) and (11.16)
we obtain that for s˚ ď s ď s˚ ´ 235 log |x˚| and assuming δ ď |x˚|6ˇˇˇĂWν ˝ Φpsqˇˇˇ ÀM e 54 ps´s˚qp|x˚|6 ` δq ÀM |x˚| 14 . (11.17)
Let us restrict to the case x˚ ą 0 and assume the lower bound
Φ
ˆ
s˚ ´ 23
5
log |x˚|
˙
ě Γ . (11.18)
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In particular, by continuity, (11.18) implies that for any x˚ ď x ď Γ, there exists an s˚ ď s ď ps˚ ´
23
5
log |x˚| such that Φpsq “ x and hence by (11.17)ˇˇˇĂWνpx, sqˇˇˇ ÀM |x˚| 14 .
By taking the limit s˚ Ñ8, this implies
lim
sÑ8
ˇˇˇĂWνpx, sqˇˇˇ ÀM |x˚| 14 , (11.19)
for any x˚ ď x ď Γ.
It remains to prove a x˚ dependent lower bound on Γ that increases as x˚ Ñ 0. First note that by (5.20)
and the Fundamental Theorem of Calculus
W ` 5
4
x ě x
ˆ
5
4
´
›››W p1q›››
8
˙
ě 2
9
x .
Thus by Gro¨nwall Φpsq ě e 15 ps´s˚qs˚, which implies
Φ
ˆ
s˚ ´ 23
5
log |x˚|
˙
ě |x˚|´
1
45 ,
and hence we can take Γ “ |x˚|´
1
45 . Thus by taking x˚ Ñ 0, from (11.19) we obtain
lim
sÑ8
ˇˇˇĂWνpx, sqˇˇˇ “ 0 , (11.20)
for all x ą 0. An analogous argument yields (11.20) for the case x ă 0. The case x “ 0 is trivial sinceĂWνp0, sq “ 0 for all s. Thus, W converges pointwise to Wµ. The proof for n “ 1, . . . , 5 works in an
analogous manner.
Remark 11.7. We remark that the asymptotic profile that is picked out in (11.11) is consistent with our
estimates (5.11). Indeed, by using estimate (11.5), we can estimate
}pW ν ´W qη´ 1
20
}8 À ε
7
8 ,
which shows thatW can simultaneously lie in a ball of size ε
3
20 withinW (in the weighted norm above) and
converge pointwise toW ν .
It is now possible to prove asymptotic stability in a much stronger sense. To do so, we define the slightly
weaker weighted space by first fixing a 0 ă δ ! 1,
}W }X´δ :“ }Wη´ 1
20
´δ}8 `
5ÿ
j“1
}W pjqη 1
5
´δ}8 . (11.21)
Lemma 11.8. For any δ ą 0, ›››W ´W ν›››
X´δ
Ñ 0 as sÑ8 . (11.22)
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Proof. This is a standard consequence of pointwise convergence ((11.11)), uniform estimates on six deriva-
tives, guaranteed by the specification of the norm X, (11.3), and finally, the compactness afforded by the
weaker weight of xxy´δ in our norm (11.21). For the purpose of completeness, we include the argument
for the lowest order part of the X´δ norm, while the higher order components work in an exactly analogous
fashion.
To prove (11.21), specifically }pW ´ W νqη´ 1
20
´δ}8 Ñ 0, we will first fix an arbitrary rε ą 0, and
demonstrate the existence of S “ Sprεq large, such that s ą S implies }pW ´W νqη´ 1
20
´δ}8 ď rε.
First, there exists X “ Xprε, δq so that
}pW ´W νqη´ 1
20
´δ}L8p|x|ěXq ď
rε
10
,
according to the estimate (11.4) onW and (3.31) onW (and hence,W ν).
We thus restrict to the compact interval |x| ď X, which we now subdivide into N “ Nprε,Mq sub-
intervals with centers xk, k “ 0, ..., N . N will be selected according to the rule:
p}W p1q}8 ` }W p1qν }8q
1
N
ă rε
10
.
By the pointwise convergence guaranteed by (11.11), there exists an sk so that
|W psk, xkq ´W νpxkq| ď rε
10
.
Define now S :“ maxk sk. Estimating, we have
|W ps, xq ´W νpxq| ď|W ps, xq ´W ps, xkq| ` |W ps, xkq ´W νpxkq|
` |W νpxkq ´W νpxq|
ďp}W p1q}8 ` }W p1qν }8q|x´ xk| `
rε
10
ď rε
10
` rε
10
,
for s ą S. Taking supremum over |x| ď X gives the desired conclusion.
Proof of Corollary 2.2. We note that the proof follows in a very similar manner to the proof of Corollary
4.7 of [2].
By finite speed of propagation, the strict support properties imposed in Section 2.2, can be replaced by
the condition that pw0, z0, a0q satisfy the conditions modulo a small perturbation in the C8 topology.
The conditions (2.4) for the cases n “ 0, 1 impose no obstruction to wˇ0 been chosen within an open
set since the conditions may be enforced by choosing ε and κ0 appropriately (it should be noted that these
two parameters are free to be chosen from an open set). In order to weaken the condition (2.4) for the case
n “ 4, we note that by a Taylor expansion
B4θw0pθq “ B4θw0p0q ` θB5θw0p0q `Opε´
29
4 θ2q
“ B4θw0p0q ` 120ε´6θ ` θpB3θw0p0q ´ 120ε´6q `Opε´
29
4 θ2q ,
here implicitly we used (2.3) and that ›››B6θε 14W ´ε´ 54 θ¯›››
8
À ε´ 294 .
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By continuity, given ε, then assuming B4θw0p0q and B5θw0p0q ´ 120ε´6 to be sufficiently small, there exists
a θ P p´ε, εq such that B4θ0w0pθq “ 0. Thus, up to a coordinate translation θ ÞÑ θ ` θ0, and under the
assumptions B4θw0p0q and B5θw0p0q ´ 120ε´6 are both sufficiently small, we can remove the assumption
(2.4) for the case n “ 4. The strict assumption (2.4) for the case n “ 5 may be removed by applying the
rescaling rapθ, tq “ µ´1apµθ, tq, rwpθ, tq “ µ´1wpµθ, tq, rzpθ, tq “ µ´1zpµθ, tq ,
for µ sufficiently close to 1. As was noted in [2], such a rescaling would modify the domain; however, since
by finite-speed of propagation we restrict our analysis to a strict subset of the domain, such a rescaling does
not impose any problem.
References
[1] T. Buckmaster, S. Shkoller, and V. Vicol, Formation of point shocks for 3d compressible euler, arXiv:1912.04429 (2019).
[2] T. Buckmaster, S. Shkoller, and V. Vicol, Formation of shocks for 2D isentropic compressible Euler, arXiv:1907.03784 (2019).
[3] T. Buckmaster, S. Shkoller, and V. Vicol, Shock formation and vorticity creation for 3d euler, arXiv:2006.14789 (2020).
[4] D. Christodoulou, The formation of shocks in 3-dimensional fluids, EMSMonographs inMathematics, EuropeanMathematical
Society (EMS), Zu¨rich, 2007.
[5] D. Christodoulou and S. Miao,Compressible flow and Euler’s equations, Surveys of Modern Mathematics, vol. 9, International
Press, Somerville, MA; Higher Education Press, Beijing, 2014.
[6] C. Collot, T.-E. Ghoul, S. Ibrahim, and N. Masmoudi, On singularity formation for the two dimensional unsteady Prandtl’s
system, arXiv:1808.05967 (2018).
[7] C. Collot, T.-E. Ghoul, and N. Masmoudi, Singularity formation for Burgers equation with transverse viscosity,
arXiv:1803.07826 (2018).
[8] C. Collot, T.-E. Ghoul, and N. Masmoudi, Unsteady separation for the inviscid two-dimensional prandtl’s system,
arXiv:1903.08244 (2019).
[9] C. M. Dafermos, Hyperbolic conservation laws in continuum physics, Third, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 325, Springer-Verlag, Berlin, 2010.
[10] J. Eggers and M. A. Fontelos, Singularities: formation, structure, and propagation, Cambridge Texts in Applied Mathematics,
Cambridge University Press, Cambridge, 2015.
[11] F. John, Formation of singularities in one-dimensional nonlinear wave propagation, Comm. Pure Appl. Math. 27 (1974),
377–405.
[12] P. D. Lax, Development of singularities of solutions of nonlinear hyperbolic partial differential equations, J. Mathematical
Phys. 5 (1964), 611–613.
[13] T. P. Liu, Development of singularities in the nonlinear waves for quasilinear hyperbolic partial differential equations, J.
Differential Equations 33 (1979), no. 1, 92–111.
[14] J. Luk and J. Speck, Shock formation in solutions to the 2D compressible Euler equations in the presence of non-zero vorticity,
Invent. Math. 214 (2018), no. 1, 1–169.
[15] A. Majda, Compressible fluid flow and systems of conservation laws in several space variables, Applied Mathematical Sci-
ences, vol. 53, Springer-Verlag, New York, 1984.
[16] F. Merle, Asymptotics for L2 minimal blow-up solutions of critical nonlinear Schro¨dinger equation, Ann. Inst. H. Poincare´
Anal. Non Line´aire 13 (1996), no. 5, 553–565.
[17] F. Merle and P. Raphael, The blow-up dynamic and upper bound on the blow-up rate for critical nonlinear Schro¨dinger
equation, Ann. of Math. (2) 161 (2005), no. 1, 157–222.
[18] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type ut “ ∆u` |u|
p´1
u, Duke Math. J. 86 (1997),
no. 1, 143–195.
[19] F. Merle, P. Raphael, I. Rodnianski, and J. Szeftel, On smooth self similar solutions to the compressible euler equations,
arXiv:1912.10998 (2019).
[20] F. Merle, P. Raphael, I. Rodnianski, and J. Szeftel, On the implosion of a three dimensional compressible fluid,
arXiv:1912.11009 (2019).
67
Buckmaster, Iyer Construction of Unstable Shocks
[21] F. Merle, P. Raphae¨l, and J. Szeftel, The instability of Bourgain-Wang solutions for the L2 critical NLS, Amer. J. Math. 135
(2013), no. 4, 967–1017.
[22] B. Riemann, U¨ber die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite, Abhandlungen der Ko¨niglichen
Gesellschaft der Wissenschaften in Go¨ttingen 8 (1860), 43–66.
[23] T. C. Sideris, Delayed singularity formation in 2D compressible flow, Amer. J. Math. 119 (1997), no. 2, 371–422.
[24] R. Yang, Shock formation for the burgers-hilbert equation, arXiv:2006.05568 (2020).
68
